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Extension? Assume that ) a,/n° = (Hx mod g L(s,x)o‘X) - G(s)
for all Re(s) > 1, where {ay },, C C and G(s) is "well-behaved"”.

e Give as precise asymptotic series estimating ) ., ap, uniformly
in g in a wide range (wider than from previous literature).
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uniformly in x >3, N > 0 and g < (Iogx)KO.
Error term: Genuine saving over main term in the full range
g < (log x)*° in several applications of interest.

Wider ranges under Landau-Siegel zeros conjecture and GRH.
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o Theorem 1 == Local distributions of w,(n) and Q,(n),
uniformly in g < (log x)% and in a € U,,.
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(3) Residue-class distribution of multiplicative functions: Given
multiplicative functions fi,..., fx : ZT — 7, estimate

#{n < x: (Vi) fi(n) = a; (mod q)} for units a; mod gq.

o Narkiewicz, Rayner, éliwa, Dobrowolski, Fomenko, .. .:
v'Large classes of fi, ..., fx and fixed gq.

o Theorem 1 — v Extends all known results to g < (log x)k°.

v Qualitatively + Quantitatively optimal results.
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Main ideas behind Theorem 1: Summarized

Let F(s) = |1 L(sv,x)*x. Then

x mod g

27 —iT S

zi./]:(s)G(s)x ds.
2mi Jr s

n<x

where I is the solid contour.

/ F(s)G(s)x ds
Red part S

— main term, secondary term, ...

Need: Bound on |F(s)| on the rest of I'.

K+IT s
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Idea 2. Bound F'(s)/F(s).
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e A second contour shift gives “explicit formula” for F'(s)/F(s) via:

e Consider G(s) =

(i) Dirichlet polynomial involving {Zx mod g QX ° X(n)}n:1 (weighted)
— Bounded in terms of Aq.

(ii) Abs. convgt. series involving zeros of {L(s, x)}y, with terms weighted
by a smooth function of s (rapidly decaying as Re(s) — o)

— Split into regions + (log-free) zero-density estimates
+ various manipulations with Stieltjes integrals.
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Idea 2. Bound F'(s)/F(s).

Idea 3. Deduce bound on F(s) via
suitable “auxiliary functions”.

H(s)
=F(s) (s = 1/v)™0 (s — ne/v) ™"

® Relate values of log F(s) on I’
with values of log F(ws).

e Dirichlet series for log F(ws).




Thank you for your attention!
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