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ABSTRACT. We obtain best possible analogues of the Siegel-Walfisz Theorem for the value
distributions of large classes of multiplicative functions and for the joint distributions of fami-
lies consisting of such functions. We extend a criterion of Narkiewicz for such families to give
new uniform results that are essentially optimal in the range and arithmetic restrictions on the
modulus as well as in most parameters and hypotheses. This also significantly generalizes and
improves upon previous work done for a single such function in specialized settings. Further-
more, we reveal some surprising phenomena leading to failure of equidistribution. Our results
have applications to large classes of interesting (integer-valued) multiplicative functions, such
as Euler’s totient ¢(n), the sum-of-divisors o(n), the coefficients of the Eisenstein series, etc.,
and to the joint distribution of collections/families consisting of such functions. For instance,
an application of our results shows that for any fixed € > 0, the functions ¢(n) and o(n) are
jointly asymptotically equidistributed among the reduced residue classes to moduli ¢ coprime
to 6 varying uniformly up to (logz)=9*@)  where a(q) = [1g,(€ —3)/(¢—1): This is the
best possible result for the joint distribution of (¢, o) to a single varying modulus. Our results
also give interesting consequences for the families (o, 03), (¢, 0,02), (p,0,09,03) and so on.
One of the central themes behind our arguments is a certain “mixing” idea that can be inter-
preted as a Markov chain mixing phenomenon, however we carry out this idea using methods
from the “anatomy of integers” in conjunction with classical as well as “pretentious” analytic
arguments. In addition to these, our arguments involve counting solutions to simultaneous
polynomial congruences in a large number of variables (that can be thought of as multiplica-
tive analogues of the circle method), and our methods blend character sum estimates with
linear algebra and module theory, commutative algebra, algebraic number theory, as well as
arithmetic and algebraic geometry. These ideas have been useful in other problems as well.

1. INTRODUCTION

We say that an integer-valued arithmetic function g is uniformly distributed (or equidistributed)
modulo ¢ if #{n < x : g(n) = b (mod ¢q)} ~ x/q as * — oo, for each residue class b mod
q. This definition generalizes naturally to families of arithmetic functions, and has been well-
studied for (integral-valued) additive functions, — with work of Delange [10], [11] characterizing
when a family of such functions is equidistributed to a fixed modulus ¢q. These results have
also been partially extended in [37], [38], [1] and [46], where the modulus ¢ itself has been
allowed to vary up to a certain threshold depending on the stopping point = of inputs.

However, for multiplicative functions, there are indications that uniform distribution is not
the correct notion to consider. For instance, it can be shown that the Euler totient function
©(n) is almost always divisible by any fixed integer ¢, and hence is not equidistributed modulo
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any ¢ > 1. Motivated by this, Narkiewicz in [27] introduces the notion of weak uniform
distribution: Given an integer-valued arithmetic function f and a positive integer ¢, we say
that f is weakly uniformly distributed (or weakly equidistributed or WUD) modulo ¢ if there are
infinitely many positive integers n for which ged(f(n),q) = 1, and if

1
©(q)

for each coprime residue class @ mod ¢. This definition extends naturally to families of arith-
metic functions: we say that the integer-valued arithmetic functions fi, ..., fx are jointly weakly
equidistributed (or jointly WUD) modulo ¢ if there are infinitely many n for which ged(fi(n)
-+ frg(n),q) = 1, and if for all coprime residue classes ay, ..., ax mod ¢, we have

(1.1)
#{n <z:Vie K], fi(n)=a; (modq)} ~

#{n<z: f(n)=a (mod @)} ~ ——#{n < x:ged(f(n).q) = 1}, asz — ox,

1
SrgEtn < o aed(f) - fin).0) = 1)

as x — 0o. (Here and below, [K] denotes the set {1,..., K}.)

The phenomenon of weak equidistribution has drawn a lot of attention for specific as well
as for general classes of multiplicative functions. Narkiewicz [27] shows that p(n) is weakly
equidistributed precisely to those moduli ¢ that are coprime to 6, while Dence and Pomerance
[12] study the distribution of ¢(n) in residue classes modulo 3 and 12). Sliwa [49] shows that
the sum of divisors function o(n) = 3, d is weakly equidistributed mod ¢ exactly when ¢

is not a multiple of 6. Generalizations of Sliwa’s result to Fourier coefficients of Eisenstein
series (more generally, the functions o,(n) = >_, d"), as well as to families of such functions,

has been studied in great depth by Narkiewicz, Rayner, Sliwa, Dobrowolski, Fomenko, and
others; see [27], [49], [15], [28], [29], [32], [30], [31, Theorem 6.12], [40], [41]. In fact in [27,
Theorem 1], Narkiewicz gives a general criterion for deciding weak equidistribution for a single
“polynomially-defined” multiplicative function f, one that can be controlled by the values of
polynomials at the first few powers of all primes. While the exact statement requires some set-
up, the general flavor of the criterion is that such a function f is weakly equidistributed modulo
a fixed ¢ precisely when for every nontrivial Dirichlet character mod ¢ that acts trivially on a
special subgroup of the unit group mod ¢, a certain “local factor” (or Euler factor) associated to
this Dirichlet character vanishes. Narkiewicz dedicates a significant portion of his monograph
[31] to give more explicit sufficient conditions that guarantee weak uniform distribution, and
to obtain algorithms characterizing all the moduli to which a given “polynomially-defined”
multiplicative function is weakly equidistributed.

In all these results, the modulus ¢ has been assumed to be fixed. A natural question of some
interest is whether one can allow ¢ to vary with our stopping point x. This general problem
of investigating equidistribution in residue classes to varying moduli has been ardently studied
in various contexts, such as for smooth numbers and mean values of multiplicative functions.
In our context, a concrete starting model is the celebrated Siegel-Walfisz Theorem, according
to which for any fixed Ky > 0, the primes up to any x are weakly equidistributed uniformly
to moduli ¢ < (logz)X°. So one might ask: Can we find analogues of the Siegel-Walfisz
theorem for the value distributions of multiplicative functions or (more generally) for the joint
distributions of a family of multiplicative functions? To this end, given a constant Ky > 0,
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we shall say that the functions fi,..., fx : N — Z are jointly weakly equidistributed (or jointly
WUD) mod g, uniformly for ¢ < (log x)%°, if:

(i) For every such g, Hfil fi(n) is coprime to ¢ for infinitely many n, and

(ii) The relation (1.1) holds as  — oo, uniformly in moduli ¢ < (logz)%° and in coprime
residue classes aq, ..., ax mod ¢q. Explicitly, this means that for any € > 0, there exists
X (€) > 0 such that the ratio of the left hand side of (1.1) to the right hand side lies in
(1—€1+¢) forall z > X(e), ¢ < (logz)X° and coprime residues ay, ..., ax mod q.

If K =1 and f; = f, we shall simply say that f is weakly equidistributed (or WUD) mod g,
uniformly for ¢ < (log z)%o.

The question of weak equidistribution to varying moduli seems to have been first studied in
23], [36] and [38], which made some partial progress towards obtaining a uniform analogue of
Narkiewicz’s aforementioned criterion for a single “polynomially-defined” multiplicative func-
tion. However, the settings in these papers were highly special instances of the setting in
Narkiewicz’s original criterion in [27] (in the sense that they imposed several additional re-
strictions), so much so that they could not be used to obtain satisfactory uniform analogues
of the weak equidistribution results on o,(n) alluded to above.

As a special case of our results in this manuscript, we are able to extend Narkiewicz’s criterion
in [27] in its full generality, in the sense that our results do not require any additional
restrictions beyond those which can be proven to be necessary. Applications of our main
theorems also extend the aforementioned works of Narkiewicz, Rayner, Sliwa, Dobrowolski,
Fomenko and others in the best possible manner (see the discussion following the statement
of Theorem 2.5). For instance, we get all the following uniform analogues of Sliwa’s result
in [49]: The sum of divisors function o(n) is weakly equidistributed uniformly to all odd
moduli ¢ < (logz)X° as well as to all even ¢ not divisible by 3 that are either no more than
a small power of log x or are squarefree without too many distinct prime factors. In addition,
uniformity is restored to all (resp. to squarefree) even q < (logx )™ that are not multiples of
3, provided we restrict to inputs n having siz (resp. four) large prime factors counted with
multiplicity. By examples constructed in [47], all these restrictions are optimal.

All of these results and improvements are only for a single multiplicative function. In [29],
Narkiewicz generalizes his criterion from [27] to decide joint weak equidistribution for families
of “polynomially defined” multiplicative functions to a fixed modulus ¢; he uses this generalized
criterion in [28] to characterize those fixed ¢ to which the Euler totient ¢(n) and sum of divisors
o(n) are jointly weakly equidistributed. However, several arguments in the aforementioned
papers [23, 36, 38] investigating varying-modulus analogues of his previous criterion are all
strictly constrained to a single multiplicative function and do not generalize to families. In
this manuscript, we extend Narkiewicz’s general criterion in [29] for families of multiplicative
functions to a single varying modulus ¢, and give new results that are best possible in the
range of uniformity and arithmetic restrictions on q.

The qualitative summary of our main results is as follows. Under certain (provably) unavoid-
able conditions, a given family fi,..., fx of polynomially-defined multiplicative functions is
jointly weakly equidistributed exactly to those moduli ¢ that satisfy Narkiewicz’s criterion,
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uniformly in ¢ varying up to small powers of log x, where these powers are all essentially op-
timal as well. In addition, weak equidistribution is restored in the full “Siegel-Walfisz range”
q < (log z)%o provided we restrict to inputs n having sufficiently many large prime factors. The
threshold for “sufficiently many” can be reduced and optimized (thus ensuring equidistribution
among larger sample spaces of inputs) whenever ¢ is squarefree.

The intuitive explanation for such constraints on our inputs n comes from a certain ‘mixing’
phenomenon in the unit group mod ¢. To illustrate this, let ¢ be an odd positive integer. From
the set of units © mod ¢ for which u—+1 is also a unit, choose uniformly at random wuy, us, us, . . .,
and construct the sequence of partial products u;+1, (u;+1)(ug+1), (u;+1)(ug+1)(uz+1), . . ..
Then as we go further into the sequence, each unit mod ¢ is roughly equally likely to appear
as one of the products (u; + 1)---(uy + 1). This particular example lies at the core of the
weak equidistribution of o(n) to odd moduli. The phenomenon for o(n) to even moduli not
divisible by 3 is analogous, except that we work with units v mod ¢ for which u? + u + 1 is
also a unit mod q.

Interestingly, although this mixing phenomenon can be interpreted as a quantitative ergodicity
phenomenon for random walks on multiplicative groups, no actual Markov chains are harmed in
the production of our arguments. Instead, we detect this mixing quantitatively using methods
from the “anatomy of integers”, supplemented by character sum machinery in conjunction
with linear algebraic arguments over residue rings. But this only takes us partway: To get
the desired main terms, we crucially need arguments from both the classical and “pretentious”
schools of analytic number theory. Note that the anatomical part of our arguments cannot
be substituted by purely analytic arguments either, since the latter do not give us the desired
asymptotic in the full range of uniformity. Furthermore, to bound the contributions of certain
“bad” inputs, we need to understand the rational points of certain affine varieties over finite
fields using tools from arithmetic and algebraic geometry. A more detailed summary of the
arguments is given towards the end of the next section.

2. THE SETTING AND THE MAIN RESULTS

2.1. Narkiewicz’s general criterion and shortcomings of previous work.
We say that an arithmetic function f is polynomially-defined if there exists V' > 1 and poly-
nomials {W,}1<,<y with integer coefficients satisfying f(p¥) = W, (p) for all primes p and all
v € [V]. Narkiewicz’s criterion requires the following set-up:
e Consider K,V > 1 and polynomially-defined multiplicative functions f;,..., fx: N —
Z, with defining polynomials {W;,}i<i<x C Z[T] satisfying f;(p¥) = W,,(p) for any
1<v<V

prime p, and any i € [K],v € [V].

e For any ¢ and v € [V], define R,(q) = {u € U, : [, Win(u) € U,}; here U, =
(Z/qZ)* denotes the multiplicative group mod ¢. *

e Iix k € [V] and assume that {W,;}1<i<x are all nonconstant. We say that ¢ € N is
k-admissible (with respect to the family (W;,)i<i<k ) if the set Ri(q) is nonempty but
1<V

the sets R,(q) are empty for all v < k.

'Hence, saying “r € U,” for an integer r is synonymous with saying that “ged(r, q) = 1”.
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e Define Q(k; f1,--- , fx) to be the set of all k-admissible integers ¢ such that for every
tuple (x1,...,xx) # (X0, - -, Xo) of Dirichlet characters® mod ¢ for which the product

15, xi 0 Wi acts trivially on Ry(q) *, there exists a prime p satisfying

Z Xl(fl(Pj))"'XK(fK(Pj))

pilk =0.

(2.1)

Jj=0

Narkiewicz’s criterion [29, Theorem 1] in this setting is then stated as follows; a precursor to
this result is his older criterion [27, Theorem 1] for a single multiple function.

Theorem N. Fiz a k-admissible integer q. The functions f1, ..., fx are jointly weakly equidis-
tributed modulo q if and only if ¢ € Q(k; f1,--+ , fx)-

It is worth pointing out that the above result and the older [27, Theorem 1] are capable of
dealing with really sparse input sets. For instance, for a fixed k € [V], if ¢ is k-admissible,
then by Lemma 3.3, the sample space of relevant inputs {n < x : ged(fi(n)... fx(n),q) = 1}
consists of those integers which are “almost” k-full, hence this sample space has size only
O(z'/*). In general, sparse sets like this can often present difficulties while studying arithmetic
questions about them.

As mentioned in the introduction, the first steps towards obtaining uniform analogues of
Narkiewicz’s forerunning criterion [27, Theorem 1] to Theorem N were taken in [23], [36]
and [38]. However the arguments in these papers are very much limited to the case of a single
multiplicative function (i.e. K = 1), and even in that special case, they are still far from giving
best possible analogues of [27, Theorem 1] because they crucially need ¢ to be 1-admissible
(i.e. k = 1) and have sufficiently large prime factors, and also crucially need the defining
polynomial W ; to be separable. In particular, the results in [23], [36] and [38] are unable to
deal with sparse input sets and hence also unable to give satisfactory uniform analogues of
most of the previously-mentioned results of Narkiewicz, Rayner, Sliwa, Dobrowolski, Fomenko,
and others in [27], [49], [15], [28], [29], [32], [30], [31, Theorem 6.12], [40], [41].

In this paper, we remove all these limitations, and obtain best possible uniform analogues
of Theorem N, which are thus also best possible analogues of the Siegel-Walfisz theorem for
families of polynomially—defined multiplicative functions. Our results will not impose any ad-
ditional restrictions, beyond those that can be proven to be necessary and essentially optimal.
These results are thus also new for a single multiplicative function as they address all the
aforementioned shortcomings of [23], [36] and [38]. Special cases of our main results thus also
give completely uniform analogues of all the works mentioned in the previous paragraph.

2.2. Multiplicative independence and the Invariant Factor Hypothesis.
For concrete and provably unavoidable reasons (see Theorems 2.4 and 2.5 below), we are going
to need two additional hypotheses. We first define the relevant notation and terminology.

2Here X0 Or Xo,q denotes, as usual, the trivial or principal character mod g.
3ie. Hfil Xi(Wik(u)) = 1 for all u € Ry(q); note that Ry(q) is precisely the support of the product
K . -

[[,Z xi o Wik (i.e. the set of u where it is nonzero)
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1. We say that the polynomials {F;}1<i<x C Z[T| are multiplicatively independent (over Z)
if there is no tuple of integers (ci,...,cx) # (0,...,0) for which the product Hfil Ffis
identically constant in Q(7"). This hypothesis is very easy to satisfy, for example if Hfil Fj is
separable, then {F;}1<;<x C Z[T] are multiplicatively independent.

2. Assume that {F;}X, C Z[T] are multiplicatively independent. Factor F; = r; H]Ai1 G
with r; € Z, {G;}}L, C Z[T] being pairwise coprime primitive* irreducibles and with z;; > 0
being integers, such that each G, appears with a positive exponent p;; in some F;. Let
w(Fy -+ Fg) = M and define the exponent matrix of (F;)X, to be the M x K matrix
i1 -0 MK
Ey=Ey(Fy,....Fx)=| | € Muxx(2),

v - HKM

so that Fj has a positive entry in each row. Since {F;}X, C Z[T] are multiplicatively inde-
pendent, the columns of Fy are Q-linearly independent and w(Fy -+ Fg) = M > K.

3. Continuing from above, Fj has a Smith Normal Form given by the M x K diagonal matrix
diag(By, ..., Bk), where fy,..., Bk € Z are the invariant factors of Ey satisfying 51 | --- | fk;
since the columns of Ej are Q-linearly independent, it follows that §; are all nonzero. (Here
we fixed some ordering of the G; to define E but the invariant factors are independent of this
ordering.) We shall use 8 (Fi, ..., Fi) to denote the last invariant factor fx. We define the

Invariant Factor Hypothesis: Given By > 0, we shall say that a positive integer ¢ satisfies
IFH(F,..., Fk;By) if ged(¢ — 1, B(Fy, ..., Fg)) = 1 for any prime ¢ | ¢ satisfying ¢ > By.

Example: Often in applications, Hfil F; is separable over Q (or more generally, the exponent
matrix Fo(Fy, ..., Fi) is equivalent to the diagonal matrix diag(1,...,1)); when this happens,
B(Fy,...,Fx) =1, so any integer satisties [FH(F1,..., Fi; By) for any By > 0.

2.3. Set-up for the main results. Most of the set-up for the main results has already been
done before Theorem N, however there is some additional notation, so for convenience of the
reader, we state the complete set-up below:

e Consider multiplicative functions fi,..., fx: N — Z and polynomials {W; , }1<i<x C
1<V
Z|T) satistying fi(p”) = W (p) for any prime p, any ¢ € [K] and v € [V].
o Let f =T[5, fi and W, == [[X, Wi, so f(p®) = W,(p) for all primes p and all v,

e For each v € [V], define D, = degW, = Zfil degW;,. Also let D = Dy, and
Dmin = minlSiSK deg Wi,k-

e For any ¢ and v € [V], define R,(q) = {u € U, : W,(u) € U,} and a,(q) = ﬁ#Rv(q).
e Fix k € [V], and say that ¢ is k-admissible if Ry(q) = () but R,(q) # 0 for all v < k.

Note that if ¢ is k-admissible, then «,(¢) = 0 for v < k, while ag(q) >w, (loglog(3q))~?
by the Chinese Remainder Theorem and a standard argument using Mertens’ Theorem.

4We say that a polynomial in Z[T) is primitive when the greatest common divisor of its coefficients is 1.
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o Assume that {W, ;}1<i<x are multiplicatively independent.

e Define Q(k; fi1,- -, fx) exactly as before the statement of Theorem N.

2.4. The Main Results.
In Theorems 2.1 to 2.3 below, we fix Ky, By > 0. Our implied constants depend only on Ky, By

and the polynomials {W; , }1<i<k, and are in particular independent of V' and of {W; , }1<i<k.
1<v<k k<v<V

Theorem 2.1. Fize € (0,1). The functions fi,..., fx are jointly weakly equidistributed, uni-
formly to all moduli q < (log z)*° lying in Q(k; f1,- -+ , fx) and satisfying [FH (Wi, ..., Wk
By), provided any one of the following holds.

(i) Either K = 1 and Wy, = Wy, is linear, or K > 2, ¢ < (logz)1=92@/(K=1) qnq at
least one of {W; ;}1<i<k is linear (i.e., Diyin = 1).

(ii) q is squarefree and ¢“1De < (log z)(1=9ox(a),

min

(iil) Duin > 1 and q < (log 2)1=92s@(K=1/Dain) ™"

A concrete application: By [28, Theorem 1], ¢(n) and o(n) are jointly WUD modulo a
fixed integer ¢ precisely when ¢ is coprime to 6; in fact, Q(1;¢,0) = {q: (¢,6) = 1}. Theorem
2.1 shows that (¢, o) are jointly WUD uniformly modulo ¢ < (logz)!~9%@ coprime to 6,
where a(q) = ai(q) = [[,,(¢ —3)/(¢ — 1) and € > 0 is fixed but arbitrary.

Optimality of the conditions in Theorem 2.1: In subsection § 8.1, we will show that
except in the very first case when K = 1 and W), = Wj is linear, the ranges of ¢ in (i)-(iii)
above are all essentially optimal. We will also show that for K > 2, the range of ¢ in (i) is
essentially optimal, even if ¢ is squarefree and {W, x}1<i<x are all linear, for any choice of
(pairwise coprime) linear functions! In particular, this means that the aforementioned range
(log 2)(1=92(9) is basically optimal for the joint weak equidistribution of ¢ and ¢, even if we
restrict to squarefree q. Thus the special case of Theorem 2.1(i) for the family (p, o) is the
best possible uniform analogue of Narkiewicz’s result in [28] for a single varying modulus.

Restoring uniformity in the Siegel-Walfisz range:

Our constructions in § 8.1 will reveal that obstructions to uniformity in ¢ come from inputs n
of the form P* for primes P. Modifying those constructions, we can produce more obstructions
of the form mP* with m fixed or growing slowly with x. It turns out that the problematic
inputs in general are those with too few large prime factors. More precisely, uniformity in the
full Siegel-Walfisz range ¢ < (logz)%° is restored if we restrict attention to those n that are
divisible by sufficiently many primes exceeding q.

To make this precise, let Pj(n) := P(n) denote the largest prime divisor of n, with the con-
vention that P(1) := 1. Inductively define P, (n) = P,,_1(n/P(n)), so that P,(n) is the m-th
largest prime factor of n (counted with multiplicity), with P, (n) = 1 if Q(n) < m. Since
D =1 forces K =1 and W, = Wi to be linear (a case in which Theorem 2.1(i) already gives
complete uniformity in ¢ < (logx)%°), we assume in Theorems 2.2 and 2.3 below that D > 2.
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Theorem 2.2. As © — oo and uniformly in coprime residues aq,...,ax to moduli ¢ <
(log z)%° lying in Q(k; f1,--- , fx) and satisfying IFH(Wyy, ..., Wk Bo), we have

(2.2) #{n <x: Pr(n)>q, (Vi) fi(n) = a; (mod q)}

~ @(;)K#{n < :ged(f(n),q) =1} ~ @(;)K#{n < x: Pp(n) > q,gcd(f(n), q) = 1},
where
R=k(KD+1), k<D
R is the least integer exceeding k(1 + (k+1) (K —1/D)), ifk> D.

Even in the special case k = K = 1, this theorem improves over Theorem 1.4(a) in [38].
The value of R is optimal for K = 1 and fi(n) = o(n) modulo even g¢; see the discussion on
applications in subsection § 2.6. For squarefree ¢, it suffices to have much weaker restrictions
on n (that are also exactly or nearly optimal) to restore uniformity in the Siegel-Walfisz range.

Theorem 2.3. The formulae (2.2) hold as © — oo, uniformly in coprime residues ay, ..., ax
modulo squarefree ¢ < (log z)%° lying in Q(k; f1,- -+ , fx) and satisfying [FH (Wi, ..., Wk Bo),
with
2, if K =k =1 and Wy, is not squarefull.
R=k(Kk+ K —k)+1, if k> 1 and at least one of {W, ;}1<i<k is not squarefull.
E(Kk+K—k+1)4+1, in general.

Here we write a polynomial F' € Z[T| as F =r H?il H" for some v; € N and pairwise coprime

primitive irreducibles H; € Z[T], and we say that F' is “squarefull” (in Z[T) if (H]Ail H;)?| F.

Note that this is equivalent to saying that [] sec (T'—0)* | F(T) in C[T], i.e., that every root
F(8)=0

of F'in C has multiplicity at least 2.

It is worthwhile to strive for the optimality of R above since doing so ensures weak equidistri-

bution among the largest possible set of inputs n. In subsection § 11.1, we show that the first

two values of R in Theorem 2.3 are exactly optimal, in the sense that in order to have unifor-

mity in ¢ < (log )"0 it is not possible to reduce the “2” to “1” or the “k(Kk+ K —k)+1” to

“k(Kk+ K — k). In these examples, {W; ;}X, will be pairwise coprime irreducibles, making
K

[L,=; Wi separable over Q.

2.5. Necessity of the multiplicative independence and invariant factor hypotheses.
We now explain the necessity of these two hypotheses that we have been assuming in our
results so far. It turns out that even if one of them is violated, then uniformity would fail in
the above theorems in some of the worst possible ways: Not only would uniformity fail modulo
arbitrarily large ¢ < (log z)%°, but also would be unrecoverable no matter how much we restrict
our set of inputs n to those having many large prime factors! This substantiates our previous
comment on Theorems 2.1 through 2.3 being essentially best possible qualitative analogues of
the Siegel-Walfisz theorem for families of polynomially-defined multiplicative functions.

For instance, without the multiplicative independence condition, the K congruences f;(n) = a;
(mod q) (for 1 <14 < K) may degenerate to fewer congruences for sufficiently many inputs n,
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making weak equidistribution fail uniformly to all sufficiently large g, no matter how much we
restrict the set of inputs n to those having sufficiently many large prime factors.

Theorem 2.4. Fiz R > 1, K > 1 and assume that {W, ; }h1<i<x—1 C Z[T] are multiplicatively
independent, with Zfi}ldeg Wi > 1. Suppose Wi, = Hf:l VVZ)‘,; for some nonnegative
integers (\)2* # (0,...,0). There exists a constant C .= C(Wiy, ..., Wx_14) > 0 such that

R-2

1 2% (log log )
plg) log x

as x — oo, uniformly in k-admissible ¢ < (logz)%° supported on primes £ > C satisfying
ged(l — 1, B(Wig, ..., Wk_1)) =1, and in a; € U, with ax = Hf;l a?i (mod q).

#{n <z : Pgr(n) > q, Vi € [K]) fi(n) = a; (mod q)} >

The compatibility of the relations in {W; . }1<;<x and (a;)X suggests why the K congruences
degenerate to K — 1 congruences. Turning to the invariant factor hypothesis, we claim that
the failure of this condition incurs an additional factor over the expected proportion of n < x
satisfying ged(f(n),q) = 1. For certain choices of ¢ and {W;}1<i<k, this factor can be
made too large, once again leading to an overrepresentation of the tuple (a; mod ¢)X, by the
multiplicative functions fi,..., fx. In what follows, P~(q) denotes the least prime dividing g.

Theorem 2.5. Fiz R > 1 and assume that {W, s }1<i<x C Z[T] are nonconstant, monic and
multiplicatively independent, so that f = 8(Wik,...,Wky) € Z\{0}. There exists a constant
C=CWy,...,Wky) >0 such that

(2.3)

9#{llg: ged(t=1,8)#1} . 1/k(1o0] R-2
#{n <z : Pgp(n) > q, (Vi€ [K]) fi(n) = a; (mod ¢)} > /" (log log )

pla)” log z
as & — 0o, uniformly in k-admissible ¢ < (log 2)%° having P~(q) > C, and in coprime residues
(a;)K, mod q which are all congruent to 1 modulo the largest squarefree divisor of q.

We shall formally establish Theorems 2.4 and 2.5 in our sequel note [48].

2.6. Some more concrete applications of our main results.

We give several applications of our main results to arithmetic functions of common interest.
Recall Sliwa’s [49] result that o(n) is weakly equidistributed precisely to moduli that are not
multiples of 6; in fact, his result shows that Q(1;0) = {q : ged(q,2) = 1} and Q(2;0) = {¢ :
ged(q,6) = 2}. By Theorem 2.1(i), o(n) is WUD uniformly to all odd moduli ¢ < (log x)°.
Calling the members of the set Q(2;0) “special”, Theorem 2.1(ii) and (iii) show that o(n) is
WUD uniformly to all special ¢ < (log 2)?=9%@ and also to all squarefree special ¢ < (log x)%o
satisfying 2@ < (logz)1~9%@ where a(q) = a2(q) =[] 4s (1 —2/(¢—1)). By the

¢=1 (mod 3

example constructed in [47, subsection 7.1], the latter restrictio(n is o)ptimal. Furthermore, by
Theorem 2.2 (resp. 2.3), uniformity is restored to all (resp. to squarefree) special ¢ < (log z)%°
by restricting to inputs n with Ps(n) > ¢ (resp. Py(n) > q). ° By the examples constructed in
[47], both of these restrictions are optimal as well.

SHere we have noted that the condition Ps(n) > ¢ forces Py(n) > ¢ since for o(n) to be coprime to the even
number ¢, it is necessary for n to be of the form m? or 2m?.
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Another example: we saw using Theorem 2.1 that ¢(n) and o(n) are jointly WUD modulo ¢ <
(log 2)(1=92(9) coprime to 6, and that these two restrictions on ¢ are necessary and essentially
optimal. By Theorem 2.2, complete uniformity is restored to all moduli ¢ < (log x)%° coprime
to 6 by restricting to inputs n with Ps(n) > ¢. Likewise, we can get interesting consequences
of Theorems 2.1, 2.2 and 2.3 for the families (p, 03), (¢, 0,02), (¢, 0,02,03) and so on.

We can give more applications of our main results to study the weak equidistribution of the

Fourier coefficients of Eisenstein series; more generally, the functions o,.(n) = > dn 4" (for
r>1). An easy check shows that the polynomial ), 7" = % shares no roots with

its derivative, hence is separable. Calling the ¢ € Q(k;0,) as “k-special”, Theorem 2.1 thus
shows that o, is WUD uniformly modulo all k-special ¢ < (log z)1~9ex(@1=1/k)"" "and modulo
all squarefree k-special ¢ < (logz)%° having w(q) < (1 — €)ax(q) loglog x/log(kr). Further, by
Theorems 2.2 and 2.3, weak equidistribution is restored modulo all k-special (resp. squarefree
k-special) ¢ < (logz)®° by restricting to n with Pyg,11)(n) > ¢ (resp. Pypa(n) > q).

An explicit characterization of the moduli ¢ < (log x)%° to which a given o, is weakly equidis-
tributed thus reduces to an understanding of the possible £ and of the set Q(k; 0,) for a given
(fixed) r; both of these are problems of fixed moduli that (as mentioned in the introduction)
have been studied in great depth in [49], [15], [32], [30], [31], [40] and [41]. In fact, the sets
Q(k; 0,) have been explicitly characterized for all odd r < 200 and all even r < 50, and partial
results are known for general » > 4. For example, the only two possible k’s for o3 are k = 1,2,
and Q(1;03) = {q : ged(q, 14) = 1} while Q(2;03) = {¢ : ged(q, 6) = 2}.

For a general family (fi, ..., fx) of polynomially—defined multiplicative functions, Narkiewicz
28, 31] gives algorithms to determine the sets Q(k; f1,-- -, fi) for a fixed k. He shows (among
other results) that in some of the most commonly occurring cases (which includes the cases
of o, for all r > 2), the set of possible k is finite, and that for each such k, we can describe
Q(k; f1, ..., fx) via (finitely many) coprimality restrictions that can be determined effectively.

We conclude this section with the remark that although for the sake of simplicity of statements,

we have been assuming that our multiplicative functions {f;}X, and polynomials {W;, }1<i<x
1<v<V

are both fixed, our proofs will reveal that these results are also uniform in the {f;}X, as long
as they are defined by the fixed polynomials {W;, }1<i<k.

1<v<V
2.7. Notation and conventions.

e We do not consider the zero function as multiplicative, so if f is multiplicative, then
1) =1

e Given z > 0, we say that a positive integer n is z-smooth if P(n) < z, and z-rough if
P~(n) > z. By the z-smooth part (resp. z-rough part) of n, we shall mean the largest
z-smooth (resp. z-rough) positive integer dividing n.

e For a ring R, R* denotes the multiplicative group of units of R. Write U, :== (Z/qZ)*.

e We denote the number of primes dividing ¢ counted with and without multiplicity by
Q(q) and w(q) respectively.

e For a Dirichlet character y mod ¢, we use f(x) to denote the conductor of .
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e When there is no danger of confusion, we shall write (a1, . .., ax) in place of ged(ay, . . ., ax).
e Throughout, the letters p and ¢ are reserved for primes.

e For nonzero H € Z[T], we use ord,(H) to denote the highest power of ¢ dividing all
the coefficients of H; for an integer m # 0, we may use vg(m) in place of ordy(m).

o Let My, p(Z) denote the ring of A x B matrices with integer entries, while GL 4« (Z)
refer to the group of units of Maxp(Z), i.e. the matrices with determinant +1.

e Implied constants in < and O-notation, as well as implicit constants in qualifiers
like “sufficiently large”, may always depend on any parameters declared as “fixed”; in

particular, they will always depend on the polynomials {W; , }1<i<x. Other dependence
1<v<k

will be noted explicitly (for example, with parentheses or subscripts): Notably, we shall
use C(Fy,...,Fg), C'(Fy,..., Fk) and so on, to denote constants depending on the
fixed polynomials Fi, ..., Fk.

e We write log, for the k-th iterate of the natural logarithm.

3. TECHNICAL PREPARATION: THE NUMBER OF n < x FOR WHICH gcd(f(n),q) =1

In this section, we shall provide a rough estimate on the count of n < x for which f(n) =
Hfil fi(n) is coprime to the modulus ¢, uniformly in ¢ < (log z)%°. We will show the following
estimate, which generalizes Proposition 2.1 in [38]. In the rest of the paper, we abbreviate
a,(q) to a, for each v € [V].

Proposition 3.1. For all sufficiently large x and uniformly in k-admissible ¢ < (log x)%°,

1/k

= __ o(1)
. S o1= X 1= e o(0onE0) )
(f(n),9)=1 each (fi(n),q)=1

3.1. Proof of the lower bound. Any m < z!/* satisfying ged(f(m*),q) = 1 is certainly
counted in the left hand side of (3.1). To estimate the number of such m, we apply [38,
Proposition 2.1], with f(n*) and z'/* playing the roles of “f(n)” and “z” in the quoted
proposition. This shows that the sum in (3.1) is bounded below by the right hand side.

3.2. Proof of the upper bound. We start by giving an upper bound on the count of r-full
smooth numbers; here we consider any n € N to be 1-full (and we consider 1 as being r-full
for any r > 1). The case r = 1 of the lemma below is a classical bound on smooth numbers.

Lemma 3.2. Fizr € N. We have as X, Z — oo,
#{n < X :P(n) < Z nisr-fully < X" (log Z) exp (—glogU + O(UlogQ(SU))) )
r

uniformly for (log X )32t < 7 < X2 where U := log X /log Z.
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Proof of Lemma 3.2. The lemma is a classical application of Rankin’s trick. We start by letting
n < min{1/3,1/2r} be a positive parameter to be chosen later, and observe that

o\ A=/ ~ 1
(32) REEDS (g) < xtre ($-L),

n<X: P(n)<Z n is r-full p<Z
n is r-full P(n)<z

where we have used the Euler product and noted that 7 >° o po=/r <« pON p~U=m+1/m)
&, Isince (1 —=n)(14+1/r) > (14+1/r)(1 —min{1/3,1/2r}) > 1.

Now set n = % < min {1, -} We write > op<z 1/ T =1ogy Z+37 _ 4(exp(nlogp)—1)/p+
O(1). Since nlogp < log?2 < 1 for all p < 2%/, we find that the contribution of p < 27 to the
last sum above is Y _o1/m(exp(nlogp) —1)/p < 0>  o1/mlogp/p < 1, while the contribution
of p € (2'/7, Z] is at most (exp(nlog Z) — 1) dormepez 1/p < Ullogy U + O(1)). Collecting
estimates, we obtain Y- _, 1/p'~" = log, Z 4+ O(U log,(3U)), which from (3.2) completes the
proof of the lemma. O

The following important observation will be useful throughout the paper.

Lemma 3.3. If q is k-admissible, then the k-free part of any positive integer n satisfying
ged(f(n),q) = 1 is bounded. More precisely, it is of size O(1), where the implied constant

depends only on the polynomials {W; , }1<i<k.
1<v<k

Proof. Let S, == {¢ prime : o, () = 0}. (Recall a, and W, from § 2.3.) Note the following:

Observation 1. For each 1 < v < k, the set S, consists only of primes of size O(1),
with the implied constant depending only on the polynomials W ,, ..., Wk,:
This is because for any prime £, we have a,(f) = ﬁ#{u eU,: W,(u) e U} >1-D,/({—1).

Thus, a,(¢) > 0 for all £ > 1+ D, =1+ 35, deg W,,.

Observation 2. For any positive integer n satisfying gcd(f(n),q) = 1, the k-free part
of n must only be divisible by primes from |J,_,_, S.:

Assume by way of contradiction, that there exists some n satisfying ged(f(n), ¢) = 1 and some
prime p & (J, ., So satisfying p” || n for some » < k. Then W,(p) = f(p") divides f(n).
Since ¢ is k-admissible and r < k, we must have a,(q) = 0. But since a,(q) = [1y, 0 (€) by
the Chinese Remainder Theorem, it follows that there must be some prime ¢y | ¢ for which
a,(¢y) = 0. By definition of ., this means that for any unit u € Uy,, we must have ¢, | W,.(u).
In particular, since the prime p above does not lie in S, while ¢y does, it follows that p # ¢y,
so that ¢y | W,.(p) | f(n), contradicting the requirement that ged(f(n),q) = 1.

Lemma 3.3 follows immediately Observations 1 and 2. O

We will also need the following estimate, which is a restatement of [38, Lemma 2.4].
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Lemma 3.4. Let G € Z[T] be a fized nonconstant polynomial. For each positive integer q, let
ag(q) = ﬁ#{u e U, :G(u) € U,}. We have, uniformly in g and v > 3q,

1 -
S O (g) logy = + O (log, (30)°).

p<z

Coming to the proof of the upper bound implied in (3.1), we define y = exp(y/logz) and
start by removing those n which are divisible by the (k + 1)-th power of a prime exceeding y.
Writing any such n as AB for some k-free B and k-full A, Lemma 3.3 shows that B < 1 so
that the contribution of such n to (3.1) is

(3.3)
2\ 2\ Mk
> o ¥ =X Y Ty ¥ () <(f)
n<z: (f(n),q)=1 A<z p>y v>k+1 m<z/pY p>y v>k+1 p Yy
3 p>y: pFin Ais k-full pYST  m is k-full
3 p>y: pFtin

where we have used the fact that the number of k-full integers up to X is O(X'*) (see [14]).
The last expression above is negligible in comparison to the right hand side of (3.1). Hence,
it remains to bound the number of n satisfying (f(n),q) = 1 that are not divisible by the
(k 4 1)-th power of any prime exceeding y.

We write any such n in the form BM N, where N is y-rough, BM is y-smooth, B is k-free, M
is k-full, and B, M, N are pairwise coprime. By Lemma 3.3, we see that B = O(1) and that
N is k-full. But also since n is not divisible by the (k + 1)-th power of any prime exceeding v,
we must have N = A* for some squarefree y-rough integer A. Consequently,

(3.4) o1 Y > 2. L
n<z: (f(n),q)=1 B<z M<z/B: M is k-full A<(z/BM)/*
p>y=prtl tn (é(f)]ff)r:j P(M)<y, (f(M),9)=1 p—(A)>y: (f(4*),q)=1

A squarefree

We now write the right hand side of the above inequality as ¥; + Y5, where ¥; and >, count
the contribution of (B, M, A) with M < x'/2 and M > x'/2, respectively.

Bounding ¥5: Any A counted in ¥ satisfies A < (z/BM)Y* < 2'/2k/BV/k 50 that

S 3 S S

B<z A<zl/2k/p1/k M<xz/BA*:. P(M)<y
(é‘(}?)éqf)zl P=(A)>y: (f(AF),q)=1 M is k-full, (f(M),q)=1
1s k-lree A squarefree

To bound the innermost sum, we invoke Lemma 3.2; here U = log(z/BAY) > %\/log 2. 'This

) logy
yields
£1/k

1
2oy K Z Z mexp (—@\/logx-logbx).

B<lx ASIEl/Qk/Bl/k

FBYO=1 p-(A)sy: (f(AF).q)=1
B is k-free ( ,)4 s%ugéfree) ?

Recalling that B = O(1) and bounding the sum on A trivially by 2logz, we deduce that
Yy <& 'k exp (—\/log x), which is negligible compared to the right hand side of (3.1).
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Bounding ¥;: To bound the (innermost) sum on A in 3, we invoke [18, Theorem 01, p. 2]
on the multiplicative function g(A) = p(A)*Lp-(ay>yL(s(ak)q=1, With p denoting the M6bius
function. Since M < z'/? and B < 1, this gives

w'/k Lwi(p).0)=1 1
El<<logxeXp<Z ) X

y<p<z p M<zl/2: M is k-full
P(M)<y, (f(M),q)=1

But since the sum on M above is no more than

E 1 | | (f(*),9)=1 1 ]]-(Wk(p),q)——l
Ml/k < (1+——|—O IREEY/S 1k <<eXp E — )

M is k-full p<y p<y
P(M)<y, (f(M),q)=1

it follows by an estimation of Zpgy Lw, (p),g)=1/p via Lemma 3.4, that ¥, is absorbed in the
right hand side of (3.1). This establishes Proposition 3.1.

4. THE MAIN TERM IN THEOREMS 2.1 TO 2.3: CONTRIBUTION OF “CONVENIENT” n

In what follows, we define
J = |logs 2| and y = exp((log 2)*/?),

where € is as in the statement of Theorem 2.1 and € := 1 for Theorems 2.2 and 2.3. We call
n < x convenient if the largest J distinct prime divisors of n exceed y and each appear to
exactly the k-th power in n. In other words, n is convenient iff it can be uniquely written in
the form n = m(Py--- P))* for m < z and primes Py, ..., P satisfying

(4.1) L, :=max{y, P(m)} < P; <--- < P,.

Note that any n having Pj,(n) < y must be inconvenient; on the other hand, if n is inconvenient
and satisfies ged(f(n),q) = 1 then either P;,(n) <y or n is divisible by the (k + 1)-th power
of a prime exceeding y. These observations will be helpful in the rest of the paper.

We start by showing that there are a negligible number of inconvenient n < x satisfying
ged(f(n),q) = 1.

Proposition 4.1. We have as v — o0,

(4.2) > 1:o< > 1>,

n<w: (F(n),q)=1
n inconvenient (f(n),q)=1

uniformly in k-admissible ¢ < (log z)%o.

Proof. By (3.3) and (3.1), the contribution of the n’s that are divisible by the (k+ 1)-th power
of a prime exceeding y is negligible. Letting z := x'/1°%2% we show that the contribution of
z-smooth n to the left side of (4.2) is also negligible compared to the right. Indeed, writing
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any such n in the form AB for some k-free B and k-full A, we have P(A) < z whereas (by
Lemma 3.3) B = O(1). Hence the contribution of z-smooth n is, by Lemma 3.2,

1
(4.3) Z 1 K Z 1 < z/Fexp (— (E + 0(1)) log, x log, x) ,

n<z: P(n)<z A<z: P(A)<z
(f(n),g)=1 A is k-full

which is indeed negligible compared to the right hand side of (4.2).

It remains to consider the contribution of those n which are neither z-smooth nor divisible by
the (k+ 1)-th power of a prime exceeding y. Since n is inconvenient, we must have Pj(n) <y
(see the discussion just preceding the statement of this proposition). Hence, n can be written
in the form mP* where P := P(n) > z and m = n/P*, so that Pj,(m) <y, ged(m, P) = 1
and f(n) = f(m)f(P*). Given m, there are at most Y. _p, /i 1 < 2% /m'/* log z many
possibilities for P. Consequently, -

/% log, x 1
(44) >, 1= ) 1< e 2 i

n<z inconvenient n<z: Pjr(n)<y m<x
P(n)>z, (f(n),q)=1 P(n)>z, (f(n),q)=1 Pi(m)<y, (f(m),q)=1
p>y=p"t {n p>y = pFtl | n p>y=p" {m

As in the argument preceding (3.4), we write any m occurring in the above sum (uniquely) in
the form BM A* where B is k-free, M is k-full, A is squarefree, P(BM) < y < P~(A), and
Q(A) < J (since Pjg(n) <wy). Since B = O(1), we deduce that

1 1 1
D s D DS -y D Dl s
m<x M k-full A<z
Prr(m)<y, (f(m),q)=1 P(M)<y, (f(M),q)=1 QAY<T
p>y=>pFtl {m

The sum on A is no more than (1+ 3 _ 1/p)’ < (2log,z)” < exp(O((logs x)?)), while the
sum on M is < exp(ay logy y + O((logy(3¢))°™M)) by (3.5) and Lemma 3.4. Altogether,

(4.5) > # < (log z)**</? exp (O((logs x)? + (log,(3¢))°™M)).

m<x

Pjr(m)<y, (f(m),q)=1
p>y=p" {m

Inserting this into (4.4) and comparing with (3.1) completes the proof. O

It turns out that the convenient n give the dominant contributions in our asymptotics, in the
sense that it is these n that give the desired main term.

Theorem 4.2. Fiz Ky, By > 0 and assume that {W;}1<i<xk C Z[T] are nonconstant and
multiplicatively independent. As x — 0o, we have

1
> ! T o) > b

n<xz convenient n<x
(Vi) fi(n)=a; (mod q) (f(n),)=1
uniformly in coprime residues ai, . .., ax to moduli ¢ < (log )Xo lying in Q(k; fi,- -+, fx) and

satisfying IFH(W1 g, ..., Wk Bo).
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We shall prove this theorem in the next few sections. In this section and the next, we take
the first step by showing a weaker version of this result, where we reduce the congruences
fi(n) = a; from modulus ¢ to a bounded divisor of g.

Proposition 4.3. Fiz Ky, By > 0 and assume that {W; ;}1<i<x C Z[T] are nonconstant and

multiplicatively independent. There exists a constant X == AW, ..., Wk ; Bo) > 0 depending
only on {W; ;}1<i<x C Z[T] and By, such that as x — oo, we have

_(2@)\" (1
0 2 : <<P(Q)> Zm):l Lt (@(q)K 2 1)’

n<x convenient n<z: (f(n n<x
(Vi) fi(n)=a; (mod q) (Vi) fi(n)=a; (mod Qo) (f(n),9)=1
uniformly in coprime residues ai,...,ax to k-admissible moduli ¢ < (logx)X° satisfying

IFHWyy,...,Wky; Boy). Here Qq is some divisor of q satisfying Qo < .

Proof. For any N > 1 and (w;)/2, € U, we define

Vi (@ (w)) = {(Uh un) € (U (Vi€ [K]) [ Win(vy) = w; (mod q)} :

j=1
We write each convenient n uniquely in the form m(P;--- P,)*, where m, Py, ..., P, satisfy
(4.1). Then f;(n) = fi(m) H;.Izl W, k(P;), so that the conditions f;(n) = a; (mod ¢) amount
to ged(f(m),q) = 1 and (P,..., Py) mod ¢ € V.. = V% (¢ (asfi(m)~")E,). Noting that

the conditions Py -+ P; < (z/m)"/* and (Py,...,P;) mod ¢ € V), are both independent of
the ordering of P, ..., P;, we obtain

1
P D DD DI D DR
n<z convenient m<zx (V1,0 ,0)EV] 1 Pr,....Py>Lm
(V) fi(n)=a; (mod q) (f(m),q)=1 Py-Py<(z/m)t/*
P,...,Py distinct
(Vj) Pj=wv; (mod q)

Proceeding exactly as in [38] to remove the congruence conditions on P, ..., Py by successive
applications of the Siegel-Walfisz Theorem, we deduce that
1 zl/k e/4
Pi,....P;>Lm Pi,....P;>Lm
Py--Py<(z/m)\/* PyPy<(z/m)t/*
Py,...,Py distinct P1,...,Py distinct

(V4) Pj=v; (mod q)

for some constant Ky == K;(Ko) > 0. Collecting estimates and noting that #V, . < ¢(q)’ <

(log x)%07 we obtain
(4.8)
#Vé,m 1 1/k K €/4
Z | 1= Z S \ 1 Z 1] +0 |2/ exp —7(logx) :
n<z convenient m<z P1,....Py>Ly,
(Vi) fi(n)=a; (mod q) (f(m),q)=1 Py-Py<(z/m)t/*

P1,...,P; distinct
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Here in the last step we have crudely bounded the sum > < m~/* by writing each m
(f(m),q)=1
as AB for some k-full A and k-free B satisfying ged(A, B) = 1, and recalling that B = O(1)

while Y71/A < [T, (1+1/p+ O (1/p'*'/*)). The following proposition estimates #V ,
Note that it actually involves only By and the polynomials {W; j}1<;<k, nothing else.

Proposition 4.4. Assume that {W, x }1<i<x are multiplicatively independent. Define the quan-
tities D = Y"1 deg Wy, and ay(q) = ﬁ#{u e U, : TI5, Wir(u) € U,} as before.

There ezists a constant Co == Co(Wi g, ..., Wi x; Bo) > (8D)*P+2 depending only on {W; . h1<i<x

and By, such that for any constant C > Cy, the following two estimates hold uniformly in co-
prime residues (w;)X, to moduli q satisfying cr(q) #0 and IFH(Wy g, ..., Wk Bo):

Ve (g5 (w)K)

(49) N’Kw(Q)N
oo (ﬁ%))K {#v&,&@((gz;)gmfil) +0 () } H (1+0 (%))

uniformly for N > KD + 1, where Qq is a Cy-smooth divisor of q of size Oc(1). Moreover

IN=kD
(4.10) V](\I;)[( (¢; E;ﬂi)f;) < (Heenqu)D
v(q) g™/

exp (O(w(q))), for each1 < N < KD.

Applying (4.9) with N = J = |log; x| > KD+ 1, and with C' fixed to be a constant exceeding
205", we see that

Bl — (1ot 2 (AN (P (L)1,

plg)’ ax(@)’ \ ¢(@) ) 1 e(Qo)’ c’
where V., = f}((Qo;(aifi(m)_l)fil) and we have noted that Zzag (4D)7 J¢7/P-K <
>Co

J
<4D/C’é/(2D+2)> = o(1). We insert this into (4.8), and observe that since aj(q) # 0, since
Qo | g and since @)y is Cy-smooth, we have a(Q)C > CHKCO (1 — e—_z) > % > 2. Thus

- 0

/—1
(4.11) > 1

n<x convenient
(Vi) fi(n)=a; (mod q)

~aorn [(£@QONT ax(e)’ #V oy [ 1 (1
=1+ “))(w(q)) P SO(QO)J<J! y 1)* (m)K 2 1)’

(f(m),q)=1 Py--Py<(x/m)1/* (f(n),q)=1
P1,...,Pj distinct
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where we have noted that

(4.12)
S ot-aw’ X (5 X 1)+ o(een (— o) ):
, J! 2 ’
n<x convenient m<x Pi,...P;>Lpm
ged(f(n),q)=1 (f(m),9)=1 Py--Py<(z/m)'/*

P1,...,Py distinct

the above estimate can be proven by replicating the arguments leading to (4.8) and observing

that #{(v1,...,v7) € U]+ I, Wilv;) € U} = (en(q)(q))”

Now for each (w;)K, € UqK, we define U x (q, Qo; (wl)fil) to be the set of tuples (vy,...,vy) €
U/ satistying H}]:1 Wi k(v;) € U, and H}]:1 Wi k(v;) = w; (mod Q) for each i € [K]. Observe
that any convenient n satisfying ged(f(n),q) = 1 and f;(n) = a; (mod Q) for all i € [K],
can be uniquely written in the form n = m(P; --- P,)*, where Py, ..., P, are primes satisfying
(4.1), and where ged(f(m),q) = Land (P,..., Py) mod q € Uy, = Uy (q, Qo; (aif;(m) HE,).
As such, by the arguments leading to (4.8), we obtain

oy (1 o
oz =2 Gy )e(mr 20)

n<zx convenient m<zx "7\ P,., nlx
ged(f(n),q)=1 (f(m),q)=1 Py--Py<(z/m)t/* (f(n),q)=1
(Vi) fi(n)=a; (mod Qo) P1,...,Py distinct

A simple counting argument shows the following general observation: Let F' € Z[T] be noncon-
stant, and let d, d’ be positive integers such that d' | d and ap(d) = ﬁ#{u eUy: F(u) € Uy}
is nonzero (hence so is ap(d’)). Then for any u € Uy for which F(u) € Uy, we have

ap(d)p(d)
ap(d)e(d)

Using this general observation for F' := W}, = Hfil Wik (so that ap = ay), we obtain

(4.14) #{UeUy: U=u (mod d), F(U) € Uy} =

#Us (¢, Qo; (w)is,) = (%) #V((]?((Qo? (wi)isy)

for all (w;)/L, € UJF. Applying this with w; = a;f;(m)™" and recalling that Vy, ,, =
Vt(,fﬁl){(Qo; (aifi(m)’l)fil), we get from (4.13),
ar(q)’ Voo [ 1 1
1] = ——— — | = 1]4+o0 1].
i Taer 2 warn, 2 e 2

ged(f(n),q)=1 (f(m),q)=1 Py-Py<(z/m)t/* (f(n),9)=1
(Vi) fi(n)=a; (mod Qo) P1,...,Py distinct

Comparing this with (4.11), we obtain

3 1:(1+o(1))<¢@°>) 3 1+0<¢(;)K 3 1).

n<x convenient QD(Q) n<x convenient
(Vi) fi(n)=a; (mod q) ged(f(n),q)=1 (f(n),9)=1
(VZ) fi(n)Eai (mod Q())
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Finally, an application of Proposition 4.1 allows us to remove the condition of n being conve-
nient from the main term on the right hand side above. This completes the proof of Proposition
4.3, up to the proof of Proposition 4.4, which we take up in the next section. 0]

5. COUNTING SOLUTIONS TO CONGRUENCES: PROOF OF PROPOSITION 4.4

5.1. Preparation for the proof of Proposition 4.4.
We temporarily abandon all the previous set-up just for this subsection. We shall make use of
two character sum bounds, which we state in the next two propositions.

Proposition 5.1. Let ¢ be a prime, x a Dirichlet character mod {. Let F € Z[T] be a
nonconstant polynomial which is mot congruent mod £ to a polynomial of the form c-G(T )00
for some ¢ € Fy and G € Fy[T], where ord(x) denotes the order of the character x. Then

Y X(Fw)| < (d=1)Ve,

u mod £

where d is the degree of the largest squarefree divisor of F.

This is a version of the Weil bounds and is a special case of [51, Corollary 2.3] (see also [9],
[52] and [42] for older results). We will also need an analogue of the above result for character
sums to higher prime power moduli, and this input is provided by the following consequences
of Theorems 1.2 and 7.1 and eqn. (1.15) in work of Cochrane [6] (see [7] for related results).

In what follows, for a polynomial H € Z[T], we denote by H' or H'(T') the formal derivative of
H. Let ¢ be a prime such that ord,(H) = 0, so that H is not identically zero in F,[T] (see § 2.7
for definition of ord,). By the ¢-critical polynomial associated to H we shall mean the polynomial
Cp = (%) ' which has integer coefficients and can be considered as a nonzero element
of the ring F,[T]. By the (-critical points of H, we shall mean the set A(H;¢) C Fy of zeros
of the polynomial Cy which are not zeros of H (both polynomials considered mod ¢). Finally,
for any 6 € Iy, we use py(H) to denote the multiplicity of 6 as a zero of H.

Proposition 5.2. Let ¢ be a prime, g € Z[T| a nonconstant polynomial, and t = ordy(q’).
Consider an integer e > t+2 and a primitive character x mod €°. Let M = maxge a(g:e) 110(Cy)
be the maximum multiplicity of an (-critical point of g.

(i) For odd €, we have |Y, .40 X(g(w))] < <29€A(g;4) Me(cg)> pt/(M+1) pe(1-1/(M+1))

(ii) For £ =2 and e >t + 3, we have |3, o400 X(g(u))]| < (12.5)21/(MF1) 2e(1=1/(M+1) - [y
fact, the sum is zero if g has no 2-critical points.

In order to make use of the aforementioned bounds, we will need to understand the quantities
that appear when we apply them. The following observations enable us to do this.

Proposition 5.3. Let {F;}5 | C Z[T] be nonconstant and multiplicatively independent. There
exists a constant Cy .= C1(F}, ..., Fx) € N such that all of the following hold:
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(a) For any prime (, there are O(1) many tuples (Ay,...,Ax) € [( — 1K for which
F{' ... F2% s of the form ¢ - GV in F[T) for some ¢ € Fy and G € Fy[T); here,
the implied constant depends at most on {F;}E,. In fact, if £ > Cy and ged(d —
1, B(Fy, ..., Fk)) =1, then the only such tuple is (A, ..., Ax) = —1,...,0—1).

(b) For any prime £ and any (Ay,. .., Ax) € NX satisfying £ { ged(As, ..., Ax), we have
i the two cases below,

(5.1) 7(£) = ord, (T*“)Fy(T)** - - Fre(T)*x)') = ord,(F(T))
=0, ifl>Cy,r>2
{s Cr, if < Crod, ([T, F) =00 > Cr+ 2,
where F(T) = S K AF(T) [Ti<j<x F5(T). In either of the two cases above, any root
0 € F, of the polynomial Co(T') = Zé O(Te )y (T) A - FK(T)AK)’ which is not a root
ofTHfi1 Fy(T), must be a root of the polynomial (=" F(T) of the same multiplicity.®

Proof. We start by writing F; = r; Hj\il G as in subsection § 2.2, so that r; € Z and
G1,...,Gy € Z[T) are irreducible, primitive and pairwise coprime, and M = w(F} -+ Fk).
Recall that M > K and that the exponent matrix Fo(F7,..., Fk) has Q-linearly independent
columns, making B(Fi,..., Fik) a nonzero integer. Further, since G; are pairwise coprime
irreducibles, the resultants Res(G;, G;/) and discriminants disc(G;) are nonzero integers for all
Jj # 7' € [M]. Note that for any prime ¢ not dividing the leading coefficient of any G; and not

dividing [ [, <p, dise(Gj) - T1,<jzjr<pr Res(Gy, Gyr), the product Hj\il G, is separable in [Fy[T].

Also since (Fi'---FpX) = (Hf; Ffifl) Zf; ¢;F! 1li<j<k Fj, the multiplicative indepen-
J#

K
dence of the polynomials {F;}X, forces the polynomials {F H1<]<KF} C Z[T] to be
i=1
Q-linearly independent. Writing D = deg(F} - - - Fx) and writing each F/(T) [[i<j<x F;(T) =
JFi
ZD o ¢i;T7 for some {c; ;j}o<j<p_1 C Z, we thus deduce that the columns of the matrix

C1,0 CK,0
(5.2) My=M(F,....F)=| = | €Mpxk(2)
C1,p-1 "' CK,D-1

must be Q-linearly independent. Consequently, D > K and the last diagonal entry 3 € Z\{0}
of the Smith Normal form of M; is also the largest invariant factor of M; (in size).

Fix Cy = C1(F},. .., Fk) to be any positive integer exceeding all of the following:
e max {2, 18], HJ y |dise(Gy)| - TTi<jzjr<nr IRes(Gj, Gj/)|} (recall that these are all nonzero),
e the sizes of the leading coefficients of Fi,..., Fx,Gy,...,Gyy.

60nce again, the last three polynomials are being considered as nonzero elements of Fy[T7].
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We claim that any such ' satisfies the properties in the statement of the proposition.

Proof of (a). We may assume that ¢ > Cy. Let = (F},..., Fk), as defined in § 2.2. By
the discussion at the start of the proof, the conditions defining C; force Gy, ..., Gy to be
pairwise coprime in F[T]. Let (Ay,..., Ax) # (0,...,0) be any tuple of nonnegative integers
for which F41 ... F2% is of the form ¢- G*" in IF,[T] for some ¢ € Fy and G € F,[T]. We claim
that Ay, ..., Ax must all be divisible by (¢ — 1)/d; where dy = ged(¢ — 1,5). This will be
enough to complete the proof of (a), since there are no more than di < |8|% < 1 many tuples
(A, ..., Ag) € [¢ — 1]¥ with each A; divisible by (¢ —1)/d;.

To establish the above claim, we may assume without loss of generality that G is monic, and
note that ¢ € I, since ordy(F; - - - Fx) = 0 by definition of C;. Write each G, as \; H; in the ring
IFy[T], for some \; € F,* and nonconstant monic H; € Fy[T| (which can be done since ¢ doesn’t
divide the leading coefficient of any G;). Then F; = r; H]Ail G;“j = p; H]Ail H ]” “ for some p; €

K .. .
FY. Since ¢- G =[5, FY = <Hfi1 pf‘i> Tlicjenr HJZZ':M”AZ in Fy[T], and G, Hy,...,Hy

Koo
are all monic, we find that G*~1 = [licjcnr szi:1 #iidi But now since [I,<j<a Gj is separable

in F,[T7], so is [ ], <ps Hj, and we deduce that S A =0 (mod £ — 1) for each j € [M].
This can be rewritten as the matrix congruence (0------ 0)' = Ey(A;---Ag) " (mod ¢ — 1);
each side of this congruence is an M x 1 matrix, Y denotes the transpose of a matrix Y and
Ey is the exponent matrix defined in § 2.2.

Now since M > K and E, has full rank, there exist Py € GLy«xnm(Z) and Ry € GLkyk(7Z)
for which PyEyRy is the Smith Normal Form diag(fs, ..., fk) of Ey, with £y, ..., Bk € Z\ {0}
being the invariant factors of Ey. Thus §; | ;41 forall1 <i < K and 8 = B(F1,. .., Fk) = fk.
This means that PyEy = diag(fy, .. ., Sr)Ry " and writing (gij)1<ij<x = Ry, we find that

B1(quAr + - + ik Ak)

Ay
EP[)EO =

0 AK Kx1
Mx1

Br(gr1A1 + -+ + qxk Ak)
0

(mod ¢ —1).

0 Mx1
Hence for each i € [K], Bi(¢gnA1+ -+ ¢xAx) =0 (mod £ —1), so that ({—1)/ged(¢ —1, 53;)
divides gi1 A1+ - -+ ¢ix Ax. But since §; | Bk, it follows that ((—1)/ged({—1, fx) = ((—1)/d;
also divides ¢;1 A1 + - - - + ¢ix Ak for each i € [K]. We obtain

(5.3) =
0 Kx1 g1 + -+ gk Ak Foxl Ax sl

0 quuAi+ -+ Ak Ay /-1
“ e e DY (mod >’

establishing the desired claim that (Ai,..., Ax) = (0,...,0) (mod E‘—f)

Proof of (b). We start by noting that
(5.4)

(T¢(€T)F1(T)Al o FK(T)AK), _ QO(”)TW(”)_l H E(T)Ai 4 TP (H E(T)Ai_1> ﬁ(T),

=1
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where F(T) is as in the statement of the proposition. We claim that ord,(F) < Li<c,C4
for all primes ¢ satisfying ordy(F; - Fx) = 0 and for all nonnegative integers Ay,..., Ax
satisfying (Ay,...,Ax) #Z (0,...,0) mod ¢. To show this, we proceed as in the proof of (a),
but working with the matrix M; defined in (5.2) in place of the exponent matrix Fy. Observe

that F(T) = S0 (Zfil ci7in> T9, hence if £(€) = ordy(F), then ¢5() divides all the entries

=0
of the matrix M;(A;---Ag)". Since M; has full rank and D = Zfil deg F; > K many rows,
and since (Ay, ..., Ag) Z (0,...,0) mod ¢, an argument entirely analogous to the one leading

to (5.3) shows that £ divides the last invariant factor B of M. Hence ordy(F) = r(l) < vg(g)
and our claim follows as |5 < C}.

As a consequence, we find that ord, <T‘/’w) (Hfil E(T)Ai_l) ﬁ(T)) = ordy(F) < 1y<e, Cy

for all primes ¢ < () satisfying ordy(F;--- Fx) = 0, and also for all primes ¢ > ) (for
which the condition ord,(F;--- Fx) = 0 is automatic by definition of C;). But now since
orde(p(¢7)) > 1 for r > 2 and ordy(p(¢")) > Cy + 1 for r > Cy + 2, (5.4) shows that 7(¢) =

ordy <T¢’w) <Hfi1 E(T)Ai_l) F (T)), establishing subpart (b) of the proposition.
Finally, since in both the cases of (5.1), we have 7(¢) < r — 1, the identity (5.4) reveals that

K

! K
Co(T) = (TW” 11 Fi(T)AZ) = 7¢) <H E(T)AM) (w“)ﬁ(T)) in the ring F,[T.
=1

=1

As such, any root of the polynomial 6 € F, of C,(T") (consider(id as a nonzero element of Fy[T7)
which is not a root of TT[.-, Fi(T), must be a root of £~7®F(T), and # must have the same
multiplicity in Co(T) and ¢~7 F(T). This completes the proof of Proposition 5.3. O

5.2. Proof of Proposition 4.4.

We return to the set-up in Proposition 4.4. Since ay(q) # 0, we have ordg(Hfil Wix) =0 for
each prime ¢ | ¢. Fix Cy := Cy ({W; 1 }h1<i<x; Bo) to be any constant exceeding By, (32D)?*P+2
the sizes of the leading and constant coefficients of {W;}i<i<k, as well as the constant
Ci(Wiy,...,Wky) coming from an application of Proposition 5.3 to the family {W; s i<i<k
of multiplicatively independent polynomials. We will show that any such choice of Cj suffices.

We first consider the case D > 1; the case D = 1 will be dealt with towards the end of
the argument. For an arbitrary positive integer () and coprime residues wy, ..., wg mod @,
an application of the orthogonality of Dirichlet characters yields

(55)  #Vik (Q; (w)Ey) = S X)X wi) (Zgio) ™
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Dealing with the large primes dividing ¢: We first show that there exists a constant
K' = K'({W; x }1<i<k ) such that uniformly in primes ¢ > C, dividing ¢, we have

ax ()Y (4D)™ . .
#V](\;C)K (ge; (wz)f;) = ()R (1 +0 <W , uniformly in N > KD + 1
(o)

< K' e'w=xpg=eN/D for each 1 < N < K D.

(5.6)

To show these, we start by applying (5.5) to get

V(0 (w) )
(L)

(¥ 1 T (0, v
- g0<ge)1<{1 + (ak(g)wge))N Z (H Xz( z)) (Zfe;m ,,,,, XK) }7

(X15--xK)#(X0,05--X0,¢) mod £ \i=1

(5.7)

where we have recalled that ay(¢) # 0 since agx(q) # 0. For any tuple (xi1,...,Xx) #
(X0 - - Xoe) mod £¢, let £° := lem[f(x1), ..., f(xx)] € {4, ..., €°}. Using x1,..., xx to also
denote the characters mod ¢ inducing xi,..., Xk respectively, we see that Zpe.,,
07 Zpeo, yy,...xx- Moreover U is cyclic since £ > Cy > 2. Letting v denote a generator
of Upeo, we see that the character group mod ¢ is generated by the character 1., given
by e, (7) = exp(2mi/@(¢<)). Hence, there exists a tuple (Ay,..., Ax) € [p(£?)] satisfying
Xi = @Zzéj for each 7, and since at least one of x1,..., Yk is primitive mod £°°, we also have

(0,...,0) (mod ?¢), if eg > 1,

(5-8) A i) # {(0,...,0) (mod £ —1), ifey=1.

We can now write

K
(59) Z@e; i = pe—¢o ZeEO; R fe—¢eo Z weo <Uw(£eo) HWiJf(v)Ai) )

v mod £€0

Case 1: If ey = 1, then since £ > Cy > By, we have ged(¢ — 1, 5(Wiy,...,Wky)) = 1.
Further, since ¢ > Cy > Cy(Wig,...,Wky), we see by (5.8) and Proposition 5.3(a) that
1, VV;}C cannot be of the form ¢ - G in F,[T]. As such, (5.9) and Proposition 5.1 show
that |Zse. yy...xx| < DEY2 for any tuple (1, ..., xx) mod £¢ having ey = 1.

.....

Case 2: If ¢y > 2, then since ordg(Hfil Wik) =0and ¢ > Cy > Ct(Wig, ..., Wky), Proposi-

tion 5.3 and (5.8) show that 7(£) == ord, (T [, Wix(T)%)) = 0 < ey — 2. Thus (5.9)

the set of (-critical points of the polynomial 7% [T W, 4(T)%, namely the roots of Cy(T) =

(TP [T, Wik(T)A) in F, that are not roots of T [T, W, 1(T)%. But by the last as-

sertion in Proposition 5.3, we see that M, < >y, 1a(Ce) < deg( K, AW!, TThiei<x Wix)
‘ ’ i#

< D—1. This yields | Zs. y,...xx] < DEe=/P for any tuple (1, . .., xx) mod ¢ having ey > 1.

-----
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Combining the conclusions of Cases 1 and 2, and using the fact that there are at most ¢¢0X
many tuples (x1, ..., xx) of characters mod ¢¢ having lem|[f(x1), ..., f(xx)] = €°°, we get

1 on (K —
X GE LIPS il < UD)Y 3 D)
k (X15-X K )#(X0,05++:X0,¢) mod £¢ 1<eo<e

where in the last inequality above, we have used the facts that D > 2 and ay(¢) > 1—D/(¢ —
1) >1-D/(Co—1) > 1/2. Now if N > KD + 1, then (5-N/2 < ¢;7P < 1/2, so that the
last sum in (5.10) is at most 2(4D)N¢K=N/P On the other hand, if N < KD, then the same
sum is < e!N=xb (((K=N/D) Inserting these two bounds into (5.10) and (5.7) gives (5.6).

Dealing with the small primes dividing ¢: Now for an arbitrary ¢, we let ¢ := [ ¢|jq £°
0<Co
denote the Cy-smooth part of ¢q. By (5.5),

G ARG = m X Tl ) Zp )

Given a constant C' > C, we fix & to be any integer constant exceeding C'- (30DCS?)20. Let
Qo = [Ipe5 gminfert — [l<c, gmin{ve():5} denote the largest (x + 1)-free divisor of g. Write the
expression on the right hand side of (5.11) as &’ + 8", where

p_ 1 Y (w:) Yo (w _ N
S = L Z Xi(w1) - X (WE) (Zg 1. x)

X1,--, XK mod q
lem[f(x1),.-,f(xx)] is (k + 1)-free
denotes the contribution of those tuples (x1, ..., xx) mod ¢ for which lem[f(x1), ..., f(xx)] is
(k + 1)-free, or equivalently, those (x1, ..., xx) for which lem[f(x1), ..., f(xx)] divides Qo.

For each tuple (xi,...,xx) counted in &', there exists a unique tuple (i1, ...,9) of char-
acters mod Qg inducing (xi,...,xx) mod ¢, respectively. Noting that a(q) = ar(Qo), a
straightforward calculation using (4.14) shows that

K
»(9)
Zgxiexr = Z X0,Qo (U)H¢Z(Wz,k(u)) Z L = —2= ZQo; ¢1,bi
i=1

u mod Qo v mod q

v=u mod Qo
ged(v [T55, Wik (v),9)=1

Using this and invoking (5.5) with @ = Qy, we obtain

(5.12)

M > (ﬁﬁ(m) (Zay W (w(Qo>>K#V§$’,)f< (Qo; (wi)i4)
c@r ey, 2\ [T =00 Qo)
We now deal with the remaining sum S” which is the contribution of those (xi,...,Xx)

mod ¢ for which lem[f(x1),...,f(xx)] is not (k + 1)-free. For each such (xi,...,xx), we
factor x; =: [ ]|z Xi.e» Where ;¢ is a character mod (. With e, := vy (lem[f(x1), . .., f(xx)]),
we observe that since f(x;) = []p, f(xie) and each f(x;¢) is a power of £, we must have
lem[f(x1.0), -, f(xre)] = €. For each ¢¢ || q, let (X1, ..., Xk,e) also denote the characters
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mod ¢ inducing (x1,4,- .-, Xk,) mod ¢¢ respectively. Then at least one of X1, ..., Xk, must
be primitive mod ¢°. The factorization Zz ,, . = HEEHQTZEE;XM 77777 Xk.c NOW yields

(5.13) ’Za§X1 ,,,,, XK| < | | p(£°) | | (667EZ|ZW;X1,2 ~~~~~ XK,e’)'
ellq el
er<K ey>k+1

We claim that for all prime powers (¢ || ¢ with e, > k + 1, we have
(5'14) |Z€EZ;X1,z ~~~~~ XK,Zl < (DCOCO) gee(l—l/D)'

For odd ¢, this follows essentially by the same argument as that given to bound Zje,,,
in “Case 2”7 before: The only difference is that this time we use both the assertions in
(5.1) since e, > Kk + 1 > (30DCp)??® +1 > Cy + 2. Now assume that £ = 2, ie. ey =
vo(lem[f(x1), ..., f(xx)]) > &+ 1 > 31. We shall use Proposition 5.2(ii).

To do this, we observe that the characters 1), n mod 2°? defined by

Y(5) = exp(2mi/272), (—1) =1 and n(5) :=1,n(-1) = —1
generate the character group mod 2¢2. Hence for each i € [K], there exist r; € [2°272] and s; €
2] satisfying x;2 = ¢¥"'n%; also 2 1 ged(r1,...,7K) as e; > 4 and at least one of x12,..., XK2
is primitive mod 2%, Thus Zyeo = > g0 ¥ (9(V)) 7 <v2 15, I/I/M(v)sl), where ¢(T) =
i W, . (T)" and we have abbreviated Zge,. to Zaex. Since 7 is induced by the
i=1 ) 5 X1,25-XK,2

nontrivial character mod 4, writing v := 4u + X and h\(T) = g(4T + \) gives
(5.15)

K K

| 1 .

ZED I (H Wi,kmsz) > @) =1 Y (H Wik(A) ) > v )
A==%1 =1 « mod 2¢2—2 A==%1 =1 u mod 22

Iy (Hfi X mk(A)Si) £ 0, then [T, Wir(\)* = 1 (mod 2), s0 ordy (Hfi  Win(4T + )\)”‘1> -

0. As such, with G == 2%, riW] ik 112 Wik, we see that

(5.16)  7A(2) = ordy(h\(T)) = 2 + orda(G(4T + N)) < 2+ ordy(G) + 2deg(G) < Cy + 2D;

here we have used (5.1) and the fact that ordy(F(4T + ) < ordy(F) + 2deg(F) for any
nonconstant polynomial F. 7

Two consequences of (5.16) are that 2~ @-2G(4T+)) € Z[T] and that 7,(2) < k—3 < e5—3.
Thus Proposition 5.2(ii) applies, yielding | .., ¥ (ha(u))] < (12.5)-200+2D.202(1=1/ (ML),
where M) is the maximum multiplicity of a 2-critical point of hy. Since Hfil Wik (4T +
A"t =1 (mod 2), it follows that any such critical point € Fy is a root of the polynomial
2-M@-DG(AT + \), giving My < deg G(AT + \) < D — 1, so that > e gee ¥ (a ()] <
(12.5) - 2C0+2D . 9e2(1-1/D) < D0 . 9¢2(1=1/D) " [nserting this into (5.15) completes the proof of
(5.14) in the remaining case ¢ = 2.

"This can be seen by writing the coefficients of F(4T + \) in terms of those of F, and using a simple
divisibility argument.
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Combining (5.13) with (5. 14), we find that for each (xi,...,xx) counted in §”, we have

77777 , = 17 er>rtl (¢t denotes the (k + 1)-full
part of lcm[f(xl), e ,f(XK)], i.e, the largest (k + 1)-full divisor of lem[f(x1),...,f(xx)]. Now
for a divisor d of ¢, there are at most d® many tuples (x1,...,xx) of characters mod ¢ for
which lem[f(x1), ..., f(xx)] = d. Hence, summing this last bound over all possible (x1, ..., Xk)
occurring in the sum §”, we obtain

3 Sk (2DoC5") N (@)

‘S//| S = 5
/D
(,0((7) Alg: A>1 dlg A
Ais (k+1)-full (k+1)-full part
of dis A
p@™ Co\CoN 1
< 2D opogmey 3 L
K N/D—K
QO(Q) Alg: A>1 A
Ais (k+1)-full

In the last step above, we have noted that for any d dividing ¢ whose (k + 1)-full part is A,
we have d < A. Continuing,

|S//| (2D00000)00N 1
1 1 — | =1
(5.17) 2@V < (@)K H - Z /v(N/D—K)

ellq kt+l<v<e

Now if N > KD + 1, then since £ > C - (30DCS)?% > D(D + 3), we see that the sum on v

above is at most 27*(N/P=K) (1 — Z*I/D)_l < gDH < 1. Hence log(1+ Y (~vIN/D=K))

—KZ(N/D—K) —[{N/D o e .
. ) 0
<2 < 2 In addition, since P(q) < C (5.17) gives
(5.18)

N
S”|  (2DyCy°) N { ( ( 1 )) } 1 <(2DOC§0)00) cN
< exp| O | ———= -1 <K . < ,
pl@)™ p(@)* 2rN/D pl@)* 21/P p(a)*

where in the last step, we have recalled that x/D > D' . C - (30DCS?)?% > C - (2C)%
Combining (5.18) with (5.12), we deduce that

BV @WKy S48 (@S [ #VEx Qo (wi)E) ]
(519) @Y @Y _<90(67)) (o)™ +O<m) =

uniformly for N > KD + 1 and in coprime residues wq, ..., wg to any modulus q.
On the other hand, for each N € [K' D], we have 143, £~"N/P=K) < eln=rp gelK=N/D)

: : 1" N In=rp ~N/D ‘i ;
which from (5.17), yields the bound |S”|/¢(q)" < (Hze”zj e) /q . Combining this

with the trivial bound |S'|/p(q)Y < ¢(q)™® < ¢ ¥ < ¢™P coming from (5.12), we find
that for each N € [K D], we have

In=kD
Ve (@ (w)E) (Heena 6)
@y ST g

Proposition 4.4 now follows in the case D > 1 by combining (5.6) with (5.19) (for N > K D)
or (5.20) (for N < K'D), and then noting that [[,,. y»c, @ (¢) = ax(q)/ar(Qo).

k+1<v<e

(5.20)

, uniformly in ¢ and (w;)/<, € UJ.
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Now assume that D =1, so that K = 1 and W, ,(T) = RT + S for some integers R
and S with R # 0. We first make the following general observation, which is immediate from
Proposition 5.2: For any primitive character x mod ¢?, the sum Zp., == >" . x0.0(v)x(Rv+
S) = oa o X2 (Ru + 8)) is zero for any odd prime ¢ and any integer b > v(R) + 2, as
well as for £ = 2 and any b > vy(R) + 3. Indeed in both these cases, the polynomial F(T") =
T¢)(RT + S) has no (-critical point, since ordy(F’") = vy(R) which forces ¢~ F/(T) =
(0o R) RYT#) in F,[T).

By this observation, it follows that uniformly in N > 1 and in ¢¢ || ¢ with ¢ > Cy (> |R]),

(5.21) #Vﬁ)zg;w) = O:];((?;V (1 +0 ((15%1)%1)) '

Indeed, we simply invoke (5.7) and note that if f(x) = ¢° for some ey > 2 = vy(R) + 2, then
Zye, = 0 as seen above. On the other hand, if f(x) = ¢ (and there are /—2 many such characters

mod ge)’ then |ZEG§X| = ge_l |Zv modZX(RU + S) - X(S)’ = ge_l IZu modfx(u) - X(S)| S ge_l‘

Letting ¢ = []eq £° as before, we fix an integer k > Cy + 3, and write #V](\ﬁ)l (G;w) =
1<Cy

o(@) " >\ mod X(w)(Zz )N = 8" + 8", where S’ again denotes the contribution of those x

mod ¢ for which f(x) is (k + 1)-free. Then (5.12) continues to hold, and §” = 0 by the general

observation above. This yields #V](\If)l (G w) /(@Y = (p(Qo)/p(q)) - (#Vj(ﬁ)l (Qo; w)/p(Qo)™),
which along with (5.21), establishes Proposition 4.4 in the remaining case D = 1. U

With Proposition 4.4 established, the proof of Proposition 4.3 is now complete. We will
eventually also need the following variant of Proposition 4.4, which follows from an argument
that is a much simpler version of that given for (5.6).

Corollary 5.4. Assume that {W,}1<i<x are multiplicatively independent. Then

(5.22) #VJ(Vk,)K (Q§ (wz){il) < {SO(Q)_K exp <O(\/logq)>, for each fired N > 2K + 1

()N g V% exp (O(w(q))), for each fired N < 2K,
uniformly in w; € U, modulo squarefree q satisfying ax(q) # 0 and IFH(Wy g, ..., Wk Bo).

Towards Theorem 4.2.
In order to deduce Theorem 4.2 from Proposition 4.3, we apply the orthogonality of Dirichlet
characters to see that the main term in the right hand side of (4.6) is equal to

(SO(QO))K 3 1

() n<a: (F(n).g)=1
(Vi) fi(n)=a; (mod Qo)

N @(;)K 2 1+90((11)K > (HW%)) > L= Hxi(ﬁ(n))-

n<e (X15-X K )7 (X0,Q0 +:X0,Qg) mod Qo \ 7=1 n<e
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Henceforth, let Q@ = H€|q€ denote the radical of q. To obtain Theorem 4.2, it remains to

prove that each Y _ 1(fn)q=1 [T, xi(fitn)) = o 3 w<e 1. For Q < 1, this follows
B (

fn),g)=1
by applying Theorem N to the divisor Q* := lem[Q, Qo] < 1 of ¢q. (Note that as ¢ lies in
Q(k; f1,--+ , fK), so does Q*, since ¢ and Q* have the same prime factors.) So we may assume

that @ is sufficiently large. Theorem 4.2 would follow once we show the result below. Here A
and @)y are as in Proposition 4.3.

Theorem 5.5. There exists a constant 6y = do(N\) > 0 such that, uniformly in moduli ¢ <
(log x)%° lying in Q(k; f1,- -+, fx) and having sufficiently large radical, we have

Uk
d_xalfim) - xu(fr ()= < (log 1) -0 01m @

n<x

for all tuples of characters (x1,...,Xx) 7 (X0.Qos - - - » X0.Qo) Mm0d Qo.

Let Ci(Qo) denote the set of tuples of characters (11, ..., 1) mod Qy, not all trivial, such that
Hfil 1;(W; r(u)) is constant on its support, which is precisely the set Ry(Qo) = {u € Uy, :
Wi(u) € Ug,}. To prove Theorem 5.5, we separately consider the two cases when a tuple of
characters mod (g lies in C(Qy) or not.

6. PROOF OF THEOREM 5.5 FOR NONTRIVIAL TUPLES OF CHARACTERS NOT IN Ci(Qo)

For any integer d > 1 and any nontrivial tuple (¢1,...,%x) of characters mod d not lying

in C(d), we have |>°, 44 Xo.a(w)o1(Wyig(w)) - vx(Wkr(u))| < on(d)e(d). With X as in
Proposition 4.3, we define the constant 6y == 61(Wik, ..., Wk; Bo) € (0,1) to be

1
max max _— U Wie(uw))--- Wiee(u))|.
A i BX modd an(D)(d) de Xo,d(W 1 (Wi g(w)) - - - b (Wi p(u))
ak(d)#0 (¥1,0K) & Cild) me

Then since @y < A, we have for any nontrivial tuple (x1, ..., xx) & Cx(Qo),

(6.1) Y xo@xa(Wis(w)) - xu (Wi (u))

u mod Qg

We set § := (1—6;)/2 and Y := exp((log 2)*/?). To establish Theorem 5.5 for all (x1, ..., xx) &
Cr(Qo), it suffices to show that

< 01 (Qo)p(Qo)-

1/k
(6.2) Y. alhm) o xx(fx(m) Lgma= < (logx;(al+a>ak'

n<x
p>Y = pFtl t n

This is because by the arguments before (3.3), the contribution of the n’s not counted above
is negligible. Writing any n counted in (6.2) uniquely as BM A* (as done before (3.4)), we see
that the sum in (6.2) equals
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(6.3) Z L(s(B).q)= <HX1 fi(B ) Z Lir(ar),q)=1 (HXi(fi(M>>>

B<z M<z/B
P(B)<Y M is k-full
B is k-free P(M)Y
> Le-asy Lian g QHXZ fi(A"))
A<(z/BM)'/* i=1

Moreover, the arguments leading to the bound for ¥ towards the end of section 3 show that
the tuples (B, M, A) having M > x'/2 give negligible contribution to the above sum. To prove
(6.2), it thus only remains to bound the contribution of tuples (B, M, A) with M < z'/2 to
the triple sum in (6.3). To deal with such tuples, we will establish the following general upper
bound uniformly for X > exp((log Y)?):

X
(6.4) Z Lp-(a)>y Lipar)q HXz fi(A (1ng)1fak(61+6/2)'
A<X

We apply a quantitative version of Haldsz’s Theorem [50, Corollary 111.4.12] on the multiplica-
tive function F(A) = 1p-(a)>y Lipiaryg=1 1(A)? 1, xi(fi(A*)), taking T == log X. This
requires us to put, for each t € [=T,T], a lower bound on the sum below (which is the square
of a certain “pretentious distance”):

D(X;t) =) }9 (1 —Re <Ilp>y Ly (phy,q=1 (p)* p~" Hxi(fi(pk))»

p<X
1 K
(6.5) = (1 —ay)logy X + aglog, Y + Z - (1 —Re (p_lt H XZ(Wzk(p))>>
yapex P i=1
(Wk(p),a)=1
+O((logy(39)°Y):;

here the second line uses Lemma 3.4. To get this lower bound, we proceed analogously to the
proof of [37, Lemma 3.3]. The key idea is to split the range of the last sum above into blocks
of small multiplicative width, so that the complex number p~ is essentially constant for all p
lying in a given block. More precisely, we cover the interval (Y, X| with finitely many disjoint
intervals Z := (n,n(1 + 1/log® X)] for certain choices of n € (Y, X], choosing the smallest 7 to
be Y and allowing the rightmost endpoint of such an interval to jut out slightly past X but
no more than X (1 + 1/log® X). Then the last sum in (6.5) equals

(6.6) Z > % (1 — Re (p_itHXi(VVi,k(p)))> +0 (log;?’X)

peL
(Wi(p),a)=L1

Consider any Z occurring in the sum above. For each p € Z, we have

tlogp

1
exp(—ip) do| < |tlogp — tlogn| < U

< .
~log? X ~ log X

This shows that uniformly in Z, the inner sum in (6.6) is equal to

p =" <

tlogn
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67 > % (1 — Re (p“ Hxi(Wi,k(p))»
Wil =1 -

K
- 1 1 1
— —it
= D (1—Re<?7 Hxi(Wi,k(u»)) >, +0 <1ogng>
ueUyg =1 peT peL
(Wi (u),9)=1 p=u (mod q)

Note that p = (1 4+ o(1))n for all p € Z. (Here and in what follows, the asymptotic notation
refers to the behavior as * — oo, and is uniform in the choice of Z.) For parameters Z, W
depending on X, we write Z 2 W to mean Z > (14 o(1))W. By the Siegel Walfisz Theorem,

1 1 1 1 1 1
2 Ry X YR aX'Rog
peEL p " pEL (p(q> U pEL QO(Q) peEL p
p=u (mod q) p=u (mod q)

Hence the whole main term on the right hand side of (6.7) is

68 2—=> 5 3 (1—Re<n-itﬂxi<mk<u>>>> 2 (o= ) (Z %)

peL

where in the last step above, we have used (4.14) and (6.1) to see that

1 T (| — @) Aol <
2@ Z [Wisw)) = o5 mZQ Xoan(r) [LxWin(r)] < et

(W (u),q)=1

Inserting the bound obtained in (6.8) into (6.7), we find that each inner sum in (6.6) is

K
1 » 1 | 1
_ _ 1 . . > _ _ _
> <1 Re<p Hmm,k(p)))) 2 =Y pw(logXZpgp)’
(Wi (p),q)=1

The O-term above when summed over all Z is < (log X)™' 37, p~' < log, X/log X. Thus,

the whole main term in (6.6) is at least ay, (1 — &; — $) (logy X —log, Y'). Using this fact along
with (6.5) yields

D(X;t) 2 (1 — (51 + g)) logy X + (61 + g) log, Y + O((log,(3¢))°™),

uniformly for ¢ € [-T,T]. As such, [50, Corollary I11.4.12] establishes the claimed bound (6.4).

Now for each M < z'/2) we have (z/BM)Y* > z'/%* Applying (6.4) to each of the innermost
sums in (6.3), we see that the total contribution of all tuples (B, M, A) with M < z'/? to the
triple sum in (6.3) is

< Z Z (z/BM)'/* < xl/k

T—ap(6110/2 o353
B<l  pr<zl/2: M is kfull (10g "E) k(0140/2) (10g :E) & (01+6)
P(M)<Y, (f(M),q)=1
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here we have bounded the sum on M using (3.5) (with “Y” playing the role of “y”) and Lemma
3.4. This proves (6.2), and hence also Theorem 5.5 for all nontrivial tuples of characters

(X1,--+,XK) mod Qo not in C(Qo). O

7. PROOF OF THEOREM 5.5 FOR TUPLES OF CHARACTERS IN Ci(Qo)

It suffices to consider the case when z is an integer, and we will do so in the rest of the section.
Our argument consists of suitably modifying the Landau—Selberg—Delange method for mean
values of multiplicative functions (see for instance [50, Chapter I1.5]), and to study the behavior
of a product of L-functions raised to complex powers by accounting for the presence of Siegel
zeros modulo ¢. This is partly inspired from work of Scourfield [45] and will also need some
results from her paper. We will denote complex numbers in the standard notation s = o 4 it.®

Recall that Q = He\q ¢; since ¢ is k-admissible, so is ). Consider any Y = (x1,...,Xx) €

Ci(Qo), so that the product [TX, xi(Wix(u)) is constant on Ry (Qo); let ¢ denote this constant
value. Consider the Dirichlet series
K

F(s) = 3 B0 TT (i) = 32 P29 T (1im)

n>1 i=1 n>1 i=1

which is absolutely convergent in the half-plane ¢ > 1.

In the rest of this section, we fix g satisfying max{0.7,k/(k+ 1)} < po < 1.

7.1. Analysis of the Dirichlet series.

We start by giving a meromorphic continuation of F)(s) to a larger region. To do this, set
Lo(t) = log(Q(|tk| + 1)) and recall that there exists an absolute constant ¢; > 0 such that
the product [ [ .04 ¢ L(8,%) has at most one zero 3. (counted with multiplicity) in the region
o >1—c/log(Q(|t| + 1)), which is necessarily real and simple; g, is called the “Siegel zero”.
If 5. exists, then it is a root of L(s,.) for some real character ¥, mod @, which we will be
referring to as the “exceptional character”. By reducing the constant ¢; if necessary, we may
assume that ¢; < 1 — po, and that the conductor of ¥, (which is squarefree) is large enough
that it is not (D + 2)-smooth.

Let Dk(co) denote the region {0 +it:o > (1 — cgl(t)>}' Then [, noq o L(sk, %) has at

most one zero and exactly one pole in the region Dy (cy), namely S./k and 1/k, respectively.

Branch cuts and complex logarithms: In the rest of the section, we assume that the
complex plane has been cut along the line o < 1/k if oy (Q) and ¢ are not both 1, whereas if
a;(Q) = cg = 1, then the complex plane is cut along the line o < f£./k. (If aj(Q) =cg =1
and if there is also no Siegel zero mod ¢, then there is no cut.)

1

Lemma 7.1. The Dirichlet series F\(s) is absolutely convergent on the half-plane o > +,

where it satisfies

(7.1) Fy(s) = Fi(sk)> g(sk)T Gya(s) Gyals)

8The parameters o and o}, (to be defined later) in this section have nothing to do with the divisor functions
or(n) = 4y, d" mentioned in the introduction. We are not working with the divisor functions in this section.
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with
a(Q)

Fsky=|TI I Z(skw)®

Q1|Q Y mod Q1

P primitive

ar(Q)

/ (%) 1
g(sk) = H H H (1 - Q@ig) , () = Q)P0 Z X(v).

Q1|Q Y mod Q1 g‘g veUg
W primitive ' @1 Wy (v)eUg

Here, the functions Fi(sk), g(sk), Gy1(s) and G, 2(s) satisfy the following properties:

(i) Fi(sk) is holomorphic and nonvanishing in the region Dy(co) — (—oo, 1/k]. * In fact,
if ap(Q) = cg = 1 and if B, exists (resp. doesn’t exist), then the same is true in the
bigger region Dy(co) — (—00, Bu/K] (resp. Dilco))

(ii) g(sk) and Gy 1(s) are holomorphic and nonvanishing in the half-plane o > po/k, and
we have, uniformly for all s in this region,

(7.2) max{ gg((j]f; ’ , ‘g;g }<< max{1, (log Q)'~*} loglog Q.

(iii) Gy.2(s) is holomorphic in the half-plane o > jo/k, wherein |G, 2(s)|, |G} 2(s)] < 1.

Proof. Absolute convergence of F,(s) on the region o > 1/k: To see this, we start by
noting that F)(s) is tautologically absolutely convergent on o > 1, and in this half plane, we
have the Euler product

(7.3) Fi(s) H<1+Z k= Hxlfl )

v>1

In the rest of the proof, we fix Bj, > 2¥/#0 such that B}, exceeds any k-free integer n satisfying

ged(f(n),q) = 1; recall that by Lemma 3.3, By can be chosen to depend only on {W; , }i<i<k.
1<v<k
Then the contribution of primes p < By to the aforementioned Euler product is a finite

product, each factor of which is absolutely convergent in the region ¢ > 0. On the other
hand, by Lemma 3.3 and the facts that @ is k-admissible and (x1, ..., xx) € Ck(Qo), the total
contribution of all primes p > By to the above Euler product (7.3) is

L w,(p),Q)=1 1
(74) H(1+T+O o ) )
p>DBy,

which is absolutely convergent in the region o > 1/k, since the sum »_ czLw,r).Q)=1 /pks
This shows that F)(s) is absolutely convergent on the region o > 1/k.

The product decomposition (7.1): Thus (7.3) holds in the region ¢ > 1/k, and in this
same region, we may write

9This region is obtained by omitting the ray (—oco, 1/k] from the region Dy (co).
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(G e

beUg p=b (mod Q)
Wi (b)eUq Wk(p)EUQ

H(lJrZ f(p HXz fi(p >( _M)CQ

ks
v>1 p

Now for o > 1/k, the orthogonality of Dirichlet characters mod @ and the fact that log L(sk, ) =
>0 (0Y)/ p?** show that the logarithm of the first double product in (7.5) is equal to

L b Z Y (p) 1
Z Z vpvks X Z @(Q) Z w(b)z pks + Z ,Upvks

belUqg pu>1 beUq ¥ mod @ p pu>2

Wy, (b)eUg p=b (mod Q) Wi (b)eUq p=b (mod Q)
1 1
- ak(Q)CQ Z ,y(d]) lOg L(Sk’ ,QZ})_I_C)? Z Z Z Upvks o Z vp'uks
1 mod Q beUg v=>2 \p=b(mod Q) p: p?=b (mod q)

Wi, (b)EUQ

We insert this into (7.5), noting that L(sk,v) = L(sk,@b*)HaQQ(l — *(0)/0*%) and that
1
v(¥) = ~v(¢*) if the primitive character ¢¥* mod @7 induces 1) mod Q. This yields (7.1), with

Gy2(s) = H (1+Z f(p HX?, £y > < w)&?

ks
p< By, v>1 b
and
1 K 1 ez
w9 Gt = TT (13 2= [y ) (o Mo
p>By, v>1 =1 p
1 1\ % 1 1
11 Tk exp ez DL D ) s > ok ||
p|@Q beUg v=>2 \p=b(mod Q) p: p=b (mod q)
Wi (p)€Uq Wi (b)eUq

where By was as defined after (7.3).

Proving statements (i)—(iii) of the lemma: To see (i), recall that [], .4 o L(sk, ) has

is holomorphic and nonvanishing in the region Dj(co) — (—o0, 1/k]. In fact, if o (Q) = ¢ =
ax(Q)

1, then Fi(sk) = L(sk,xo) - (HQ1|Q [T ¢ mod o L(sk,w)"’(w)> , which shows the other

Q1>1 9 primitive
assertions of (i). Also (iii) is immediate by a direct calculation using the definition of G, 2(s).

We thus focus on (ii). By the very definition of g(sk), we see that it is holomorphic and
nonvanishing in the half-plane ¢ > 0. Also the bound on |¢’(sk)/g(sk)| in (7.2) is an immediate
consequence of [45, Lemma 9(ii)].
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To show the assertions for G, 1(s), we recall that by the arguments preceding (7.4) the first
product (over primes p > By) in (7.6) is equal to

lwip),@=1 1 Lw, =1\~ 1
H (1 + pks +0 p(k—i-l)a 1= pks - H 1+0 W )

p>Byg p>DBj

which is absolutely convergent and defines a holomorphic function in the half plane o > 1o /k.
(Here is it important that uo/k > 1/(k + 1).) Likewise the exponential factor in (7.6) defines
a holomorphic function in the same half plane, hence so does G, 1(s). To see that G, (s)
is also nonvanishing in this region, we need only see that the condition p > Bj > 2F/Ho

guarantees that each of the factors 1+3_ -, % fil Xi(fi(p¥)) in (7.6) has size at least
L= s p™7 > 1~ 2p7% > 1 —2B," > 0. Finally, a straightforward computation using

(7.6) shows that for o > ug/k, we have

G 1 1
X,l(s) _ —Cgk Z ogp +O(1) < Z 0og 7

ks ko
G () rlQ P plQ
Wi(p)€Uq
completing the proof of (7.2) via [45, Lemma 3(i)(a)]. O

7.2. Preparing for the contour shift: Auxiliary functions and intermediate bounds.
Our objective is to relate the sum in Theorem 5.5 to the Dirichlet series F)(s) by an effective
version of Perron’s formula, and shift the contour to the left of the line 0 = 1/k. As such, we
will need the following proposition in order to estimate the resulting integrals.

To set up, we choose €; := €1(A) to be a constant (depending only on \) satisfying 0 < ¢; <
1 — cos(27/d) for any positive integer d < A. Consider the functions

F\(s) = Fy(sk)< g(sk)T Gyi(s)
o (Q)eg —a(@)egy(e) I ar(@)eg
H,(s) == F\(s) (s — %) (s B %) 7 H(s) = Fi(s) (3 — %) 7

S

where here and in what follows, any term or factor involving £, is to be understood as omitted
if the Siegel zero doesn’t exist. By Lemma 7.1(i) and (ii), we see that:

1. ﬁx(s) is holomorphic and nonvanishing on Dy(cy) — (—00, 1/k]. If ax(Q) = cg = 1 and if .
exists (resp. doesn’t exist), then the same is true on Dy(cy) — (—o0, B /k] (resp. Di(co)).

2. H,(s) analytically continues into and is nonvanishing on Dj(co) — (—o0, e /k].
3. f—jx(s) analytically continues into and is nonvanishing on Dy(cp).

(Recall our branch cut conventions elucidated at the start of the section.)

In what follows, we set T' := exp(y/log x).

Proposition 7.2. We have the following bounds:
(i) |H,(1/k)| < (logz)*@e/5,

(ii) \flx(s)\ < (log 2)** @ /* yniformly for real s satisfying % (1 — 412@) <s< %
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(iii) \ (8)] < (log 2)V/2e)ow@) yniformly for complex numbers s = o + it satisfying o >
(1 t)), It < T and |s — 0/k| > 1/Lq(t) for 6 € {1, 8.}.

(iv) Un formly in real s < 1/k satisfying s > + (2 + %) (if the Siegel zero exists) or s >
) (otherwise), we have

1
k 4logQ

(1) 6 () - 196Gl
Proof

General observation: We have |H,(s)| = |H,(w)| uniformly in complex numbers s and w
satisfying Im(s) = Im(w) =: ¢, and |s — w| < Lg(t)~! and Re(w) > Re(s) > (1 - w).

1
< (log z)(/20+e(@/5)e (% ~ S) '

Indeed by the definitions of H,(s) and F,(s), we have

H,(2) Fi(kz) | an(Q) _ aw(@)y() g(kz)  Gra(?)
7)) | = = cAk:( L + - < )+cAk + =X < Lot
(7.7) H,(z) A\ F(kz)  kz—1 kz — B glkz)  Gya(z) a(?)
uniformly for complex numbers z = u + it satisfying u > % (1 — m> In the last bound

above, we have used (7.2) as well as [45, Lemma 15(i)] with “¢” being exp(6L¢(t)). The general

observation now follows by writing log (ﬁlx(w)/ﬁx(s)> }ie((;;}) H! (u+ it)/ Hy (u + it) du.

(i) Let by(t) = <1 + o > for some absolute constant ¢; > 0. By the above observation and
the definitions of FX( ), ﬁx(s) and H,(s), we see that
(7.8)
! 7 1 —ai(Q)
i (7)) < B ()] 0= 807 @ < By bulo))] (1 - 50
< |F(0(0))] (log Q)(l — Be) 2D < | By (ki (0)) g (kbi (0)[*1%) (log Q) (1 — B.) ~>+(@
Here in the last bound, we have noted that |G, 1(bx(0))| < log, @, as is evident from the fact

that HW n, (1= p O < exp(Y,0 1/p) K exp(3 i 1/P) < logw(Q) < log, Q.
k(P)eUq

Now proceeding as in [45, Lemma 8], we see that for all s with o > 1/k, we have

(7.9 S LU= ) (k) G(s),

nks
n>1

where

G(s) = H (1 + Z vks Q=1 — Lwm),@)=1 l(f(pk(“_l)),Q)l)) :
p

v>2
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1\ 1 1
H <1 o %) " 6Xp Z Z Z Upvks o Z Upvks
p|Q beUg v>2 \p=b(mod Q) p: p?=b (mod Q)

Wi(p)eUq Wi (b)€Uq
Uniformly for s with ¢ > 1/k, we observe that the infinite product above has size at least
1= .52 1/p” > 1 and at most exp(}_, -, 1/p") < 1. Likewise, the exponential factor
has size < 1 in the same region. Moreover, for ¢ > 1/k, the product over p | @ is =<
| exp(D_p0: Wem).@)=1 P k)|, which is > 1 and < exp(D_,0 p~!) < log, Q. Putting these
observations together we find that

(7.10) 1 < G(s) < log, @, uniformly in complex numbers s having o > 1/k.
Applying this lower bound on G (bk( )) the equality (7.9) yields
1
Fi(kb (kb ( L < ¢(kb =——F+0(1 1
F3(kbu(0)) gk '<<,; GUER0) = 55— + O(1) < 0B Q.

so that from (7.8), we obtain |H, (1/k)| < (log Q)3(1 — .)~2(@). Subpart (i) now follows as
Q < (logz)®0 and as 1 — B, >, Q~/?°K0 > (log x)~/% by Siegel’s Theorem.

(ii) By the general observation at the start of the proof, we have |H,(s)| < |H,(1/k)| <
|H, (1/K)|(1 — B.) (@ < |H,(1/k)|(log z)**@<1/20 The result now follows from (i).

(iii) By the same general observation, we have |H, (s)| < |H, (b(t)+it)|, and since |s—0/k| >
1/Lq(t), we have by(t) + it —0/k < s —0/k for § € {1, 5.}. Thus |F\(s)| < |F\(by(t) + it)|.

(Recall that ﬁx(s) — ﬁx(s) (S . k)ak(Q)cA (S _ 56)—041@(62)6@/(1%)‘)

o Using (7.6) and replicating
the arguments that led to (7.10), we also obtain

(7.11)  (log, Q) ™' < Gy1(s) < log, @, uniformly in complex numbers s having o > 1/k.

Thus uniformly for s as in subpart (iii) of the proposition, we have

[B(s)] < [E(bi(t) +it)| < (logy Q) - [y (k(bi(t) + it)) g (k(by(t) + i) )

(Recall that Fy(s) = Fy(sk)® g(sk)T Gy1(s).) Next by (7.9) and (7.10), we get |Fy(s)| <
(10 Q) | Sz sty @1 /n* OO0V < (logy Q) (X2 snty @t /n0) Y. By (7.9),
(7.10) and (7.11), we get | (5)] < (logy Q)2|Fy (kbi(£)) g (bi(t)) [ CA) < (logy Q)| F (bi(t))].

By definitions of bx(t) and ﬁx(bk(t)), the last bound gives
1P\ (s)| < (logg )3 Hy (b ()| Lo ()@ (1 — B,) (@,

Finally, recall that [{| < T = exp(yv/Iogz), that 1— 3, >, (logz)~</2 and that |H, (by(t))| <
|H,(1/k)| < (log z)2+(@¢1/4 (by subpart (ii) the general observation at the start of the proof).
This yields |F\(s)] < (log z)*@1/2+<) Lemma 7.1(iii) now proves the assertion.

(iv) It suffices to show that uniformly for s satisfying the same conditions as in this subpart,

(7.12) |Hy(s)| + | H,(s)| < (log z)+(@<1/5 (logQ + 1 —15 ) .
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(Here as usual, the second term on the right is omitted if there is no Siegel zero, otherwise
it dominates.) Indeed once we establish (7.12), then from the bound 1 — 3, >, (logz)~/2,
it follows that |H,(s)| + |H,(s)| < (logz)1/20Tex(@/5) which combined with Lemma 7.1(iii)
and the observation |H, (1/k)Gy2 (1/k) — Hy(s5)Gy2(s)| = 1/k( H, (u)Gy2(u)) du| completes
the proof of the subpart.

To show (7.12), we recall that H,(s) is non-vanishing for s as in the subpart. Further (7.7)
applies with z = s for all s considered in this subpart, yielding

’H;@s) Hs) 1, a(@exr(¥e)

ﬁx(s) s s = Be/k

As a consequence,

qu/k)' )
H,(s)

<L Lo(0)+1+

i Hy ()

H,(u) d

log

ul K (%—s) <logQ—|—1_1ﬁe) < 1,

showing that |H, (s)| < |H,(1/k)| uniformly for all s in the statement. Collecting these bounds,

we obtain for all such s,
| H,y < |H 1 log @ + !
H 1 /k A\ & 8T 15, )

S

| H ()| +H (s)] <

(1))

so that the desired bound (7.12) now follows from subpart (1) This concludes the proof. [

7.3. Perron’s formula and the contour shifts. We first show that there is some X suffi-
ciently close to x for which the error term arising from an effective Perron’s formula is small.

Lemma 7.3. Let h = 2/log® z. There exists a positive integer X € (x,x + h] satisfying

15 (m).@)=
Y. e < X log X
sxpiznzsxa | 08X/
n#X

Proof. This would follow once we show that

S Lism).@=1 1k
(7.13) g WA=« PR log a,
r<X<az+h 3X/4<n<5X/4 | log(X/n)]

n#X

with the outer sum being over integers X € (z,z + h]. (Recall that x € Z* in this entire
section.) To show this, we write the sum on the left hand side as S; + S5, where S; denotes
the contribution of the case 3X/4 < n < X — 1. Writing any n contributing to S; as X — v for
some integer v € [1, X/4), we see that |log(X/n)| = —log(1 —v/X) > v/X > v/z. Recalling
that n = Bm for some k-free B of size O(1) and some k-full m, we thus have

Litin 1
Sis > PO s mr D DD DD DR
[log(X/n)| / n) v
3z/di<n<z+h x<X<z+h Bk1 305 < <m <x+h 1<p<@th
n+1<X<4n/3 m is k- full r<v+Bm<z+h
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h
<L Z Z Z 1< xlogx (xl/kg + xl/(k+1)> < 2*hlogz,

1<v S +h B<<1 z— 'u< <‘L u+h
mlskfull

where we have bounded the last inner sum on m using the Erdos-Szekeres estimate on the
count of k-full integers (see [14]). This shows that the sum ) is bounded by the right hand
expression in (7.13). Similarly so is the sum S5, thus establishing (7.13). O

To complete the proof of Theorem 5.5, it suffices to establish the bound therein for X in place
of x, for once we do so, we may simply note that

Z x1(f1(n)) - Xk (fr (1) L(£(n).q Z L)@ 1<Z Z 1<

z<n<X rz<n<X Bkl = <m§X
m is k—full

log T

To show the bound in Theorem 5.5 for X, we start by applying an effective version of Perron’s
formula [50, Theorem I1.2.3]. To bound the resulting error, we use Lemma 7.3 and note that

(s Y+ Y ﬂ(f(nm)fl Xl/kz 3 i
logX

wixn wisng) Tllog(X/n)[nt () pa o=t mil
m 1S u
X1/k 1 1 X1/k 1 XVk]log X
<5 1;[ (1 + P/l X +0 (p1+1/k)) KL exp zp: piHi/logX < T ’

with the last bound above being a consequence of Mertens” Theorem along with the fact that

1 4 1
Z pl-l—l/logX Z Z plﬂ/—logx < ZGXP(—QJ) Z - 1.

p>X 72>0 XQJ <p§X2]+1 7>0 X2j <p§X2j+1

(Recall that T' = exp(v/logz) > exp (3+/log X).) As such, [50, Theorem II.2.3] yields
(7.14)
1 r0rmx) T B o(s) X Xk log X
Z xi(fi(n) - xx(fx (M) Ltm).@=1 = 5— Lds +0 (—g) )
ax )T 5 T

27m 1(
n<X k

Our arguments will be divided into three possibilities:

Case 1: When (ax(Q), c) # (1,1) and there is a Seigel zero ., mod Q.
Case 2: When (a4(Q), c) # (1,1) and there is no Seigel zero mod Q.
Case 3: When (ax(Q),cx) = (1,1).

In Case 1, we will be assuming henceforth that g, > 1 — 24?‘31 g otherwise decreasing c;
reduces to Case 2. Let f* = 2 + % and oy (t) = %(1 — M;%(t)» so that % > 04(0). Let

9,01 € (0, B./10k) satisty o04(0) < % —20; < % +2; < % < % — 26. Consider the contours
e I';, the horizontal segment traversed from (1 + ng) + 4T to op(T) +iT.

e I';, the part of the curve o (t) + it traversed from t =T to ¢t = 0.
o 'y :=T(d1), the segment traversed from o4(0) to fS./k — 0; above the branch cut.
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e ['5 :=1I'5(d1), the semicircle of radius d; centered at (./k, lying in the upper half plane
and traversed clockwise.

o I's :=T1'4(d1), the segment traversed from f./k + d; to 5*/k above the branch cut.
o ['; :=T17(d), the segment traversed from */k to 1/k — 6 above the branch cut.

o I'y :=T'g(0), the circle of radius ¢ centered at 1/k, traversed clockwise from the point
1/k — ¢ above the branch cut to its reflection below the branch cut.

o I} :=T17%(d), the segment traversed from o (0) to 1/k — § above the branch cut.

o I't :=T"%(d1), the circle of radius 0, centered at f3./k, traversed clockwise from the point
Be/k — 61 above the branch cut to its reflection below the branch cut.

Here I'; (1) is relevant only when our branch cut is along o < f./k (i.e., when a4 (Q) = ¢ =1
and f, exists), while the rest of the contours are defined irrespective of the branch cut. For a
contour €2, let —Q denote the contour given by the complex conjugate of € traversed in the
opposite direction and below the respective branch cuts. (Note that —I's is still traversed
clockwise but below the branch cut.) We define the contour I'y by

Z?:Q I+ Z;ZQ(—F_J'), under Case 1
[y = Ty + T3+ T5+Tg+ (=) + (=T3) + (=Ty), under Case 2
Z?ZQ Iy +T%+ ijz(—F_j), under Case 3.

In Case 3, if B, doesn’t exist, then there is no branch cut and T'y, Ty and T are excluded from
[';. In all three cases, the integrand in (7.14) is analytic in the region enclosed by I'; and the

segment joining (1 + long) —iT and ¢ <1 + @) +4T. (Note that if ¢z = 1, the definitions
of Q(k; f1,---, fx) and Gy 1, Gy 2 in Lemma 7.1 give G, 2(1/k) = 0, canceling the simple pole

of Fi(sk) at s = 1/k. In particular, this happens in Case 3.) So

(7.15) Z x1(fi(n)) - xx (fx (1) Lsm)Q=1 = L Mds +0 (

9
n<X ™ Jry

Xk]log X
- .

We now proceed to estimate the integrals occurring on the right hand side above. In the
following proposition, any result about an integral is valid whenever the corresponding contour
is a part of I';: so for instance, the assertion on I's (resp. I'}) holds under Cases 1 or 2 (resp.
Case 3), those on I's and I'g hold under Case 1, and the bound involving I'y holds under Cases
1 and 3. Let I; (resp. I, I7) denote the corresponding integral along I'; (resp. -1, 7).

Proposition 7.4. We have the following bounds:
(1) |L| + || + |I5] + |I3] < XY*exp(—koy/Tog X) for some constant kg = ko(c1, k) > 0.
(ii) max{|ly + I, |l + Is|} < X'/* exp(—+/Tog X) uniformly in 6,6, as above.
(iii) limg, o4 | 15| = limg, 04 | 15| = lims, 04 |1Z] = lims_0, |I3| = 0.
Proof. To show subpart (i), we use the fact that since 5. > 1 — 5¢1/241log @, any s lying on

Iy, I's or their conjugates satisfies the requirements of Proposition 7.2(iii). As such, (i) follows
immediately from Proposition 7.2(iii) and the fact that |s| > [¢t| + 1 for all s.
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For subpart (ii), we note that for all s € F4, vve have (s—1/k)™ @ = (1/k—s)~ (@5 gmimar(@cx
and (s — B, /k)*@We) — (3, /k — 5)k(@ex7We) gimar(@)ezy(Ve) - (This is clear if the branch
cut is along o < 1/k, and also if the branch cut is along o < f5./k which is when (a;(Q), c5) =
(1,1).) Likewise, for all s € T, We have (s — 1/k)~ (@ = (1/k — 5)7 (@5 giman@cs and
(s —f. /k)ak cw(we - (ﬁ Jk— ) Qeg1(We) emimar(@)egr(¥e) - Qince et mor(@ez(1¥e)=1) « 1. the
definitions of FX( ) and Hx( ) show that

/ﬂe/k—él H,(5)Ga(s) X" (1 ) @z (m )%<Q>CWE>
- —s — — 5 ds| .
o1 (0) S k k

L+ L] <

But now by Lemma 7.1(iii) and Proposition 7.2(ii), we see that

_ Be/k—01 B o (Q)Re(cxy(ve))
I+ I < Xﬁe/k(logX)Oék(Q)QM(l — /@e)—ak(Q)/ (f — 8) ds
a1(0)
3 Itag(Q)Re(cgy(ve))
< XP/k(log X )P(@e /10, (i — ak(O)) < XY* exp(—+/log X).

Here we have recalled that 8, < 1 — c(e;)/Q/?°K0 < 1 — ¢(e1)/(log X)/?° for some constant
c(e1) > 0, and (as argued before Lemma 7.1) that Q. := f(1.) has a prime factor ¢, > D + 2,
which upon factoring ., = H&Q e With 1., being a character mod /, led to

(7.16)

(@)l < (@) [

Qe

Zv: oWy (v)€Uy Ee,ﬁ(v)
a(£)(€ —1)

1
<
~l—1

Z Ee,@(v)

v mod £,
Wi (v)=0 (mod £¢)

< .
~ D+1

This shows the desired bound on I in (ii), and the assertion for Ig is entirely analogous.

Coming to Subpart (iii) we parametrize the points of I's by s = 3./k + 0, where 7 > 6 > 0.

Since M = SUD|,_8e|<1 (8 gy (0)) |H,(s)| is finite, we have for all sufficiently small 6; > 0,

T —ai(Q)Re(co T . 1/(D+1
15| < M / ekt <—1 — —51> ORI rar@reteprn) gy MXP/05 D
0

k 1 df < (% _ 51)%(@

where we have again seen that 14+, (Q)Re(cgy(¢e)) > 1/(D+1) by (7.16). The last expression
shows that lims, 04 |I5| = 0, and the assertions on |I5| and |IZ| are proved similarly. The same

argument also shows that |Ig] < M*XVk+Hogtmon(@Releg) (1=fe _ ) ~ @) for all sufficiently
small 6 > 0, where M* = SUD|,_1|<1=8 ]H (s)|. This yields lims_,o. |Is] = 0, because
ap(@Q)Re(cg) < 1 whenever (ax(Q), cg) # ( 1). O

Now in case 3, we let §; | 0 in (7.15) and invoke the relevant assertions of Proposition 7.4
to obtain Y, - X1(f1(n)) -+ X&x (fx (n))L(s(n).01=1 < XY* exp(—r1v/log X) for some constant
k1 > 0. Hence to complete the proof of Theorem 5.5, it suffices to assume that (o, (Q), c5) #
(1,1). In case 1, we obtain, by letting 6 | 0 and d; | 0 in (7.15),

(717) Y i) - Fae ) Lrmarr = — lim T4 O(X exp(—r1/og X)).

50+ 271
n<X
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By an argument analogous to that given for Proposition 7.4(ii), it is easy to see that the above
limit exists. Furthermore, writing (s — 1/k)™*(@% = (1/k — 5) " @<x etima@cs a5 hefore,
we see that the limit in (7.17) is equal to

. n 1/k —o(Q)eg
SID(TQk(Q)Cx) HX(S)GXg(S)XS (1 _ S> ds,
T B[k
We write the above integral as H, (1/k)Gy 2(1/k)[1—15, where I; = fl/k X*(1/k—s) @z s,

Letting s = 1/k —u/log X, and using 8* =2/3+ 3./3 <1 — c(el)/3(10gX)61/20 along with a
standard bound on the tail of the integral defining a Gamma function [45, Lemma 7], we get

1/k
(log Xflak@k; {01 = a(Qpex) + Olexp(—v/log X)) }

Now using Proposition 7.2(iv) and making the same change of variable, we find that

[1:

I log X (35+252)er YR e 1 1—ak(Q)Re(cg) X1/k
2 K ( 0og ) /B*/k 7 =S ds < (10g X)Qfak(Q)RB(CQ)*(1/20+O%(Q)/g))el

as I'(2 — ax(Q)Re(cg)) < 1. Collecting estimates, we obtain from (7.17),
(7.18)

K 1/k
D Igmae= | [xi(filn) = H1/R)Gya (1K), X — <1+O(exp(—\/10g X)))

n<X i=1 [k (Q)ez) (log X )!-ox(@ex

Xl/kz
+0 :
(log X )2~ o (@Re(eg)=(1/20+ar(Q)/B)er
by the reflection formula for the Gamma function and as I'(z) > 1 for all z with |z| < 2.

If cg # 1, then Re(cy) < cos(2m/¢(Qo)) < 1 — €;. Lemma 7.1(iii) and Proposition 7.2(i) yield

X1/k X 1/k
1 _
7;( <f<n>vQ>1HX1(f1<”)) < (log X )= or(@Re(eg)+e1/5) < (log X )—x(@(1=00)”
with g == dp(A\) = min{3e;/4,1 — ¢ /2}. On the other hand, if ¢y = 1, then since g €
Q(k; f1,--+, fr), we must have G, 2(1/k) = 0 (as observed before (7.15)). Hence, (7.18) yields

X1k Xl/k
> xalhi(m) - xw(fx () L= < (log X7 @~ (1/20tax @9 (log X )= ar@0-50)”

n<X

completing the proof of Theorem 5.5 in case 1.

Finally in case 2, (7.15) and Proposition 7.4 lead to the following analogue of (7.17):

(119) 3 i) -+ i) gmrms = — lim L 4 O(X01% exp(— iy /log X)),

§—0+ 271
n<X

An argument entirely analogous to the one given above leads to the sharper variant of (7.18)

with the exp(—+/log X) replaced by exp (—%), completing the proof of Theorem 5.5.
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This finally concludes the proof of Theorem 4.2. In order to establish Theorems 2.1 to 2.3,
we thus need to appropriately bound the contributions of inconvenient n’s considered in the
respective theorems. We take this up in the next several sections.

8. EQUIDISTRIBUTION TO RESTRICTED MODULI: PROOF OF THEOREM 2.1
By Theorem 4.2, it remains to show that
1
(8.1) Z 1 =o0 = Z 1] asz — oo,
n<x inconvenient 90((]) n<x
(Vi) fi(n)=a; (mod q) (f(n),q)=1

uniformly in coprime residues (a;)X, to k-admissible moduli ¢ < (log )
the conditions (i)-(iii) of Theorem 2.1.

Ko under any one of

To show this, we set z := x'/1°€2% and recall that, by (4.3), (3.3) and (3.1), the n’s that are

either z-smooth or divisible by the (k + 1)-th power of a prime exceeding y give negligible

contribution to the left hand side of (8.1) in comparison to the right hand side. The remaining

n can be written in the form mP*, where P := P(n) > z, Py, (m) < y, m is not divisible by

the (k4 1)-th power of a prime exceeding y, and ged(m, P) = 1, so that fi(n) = fi(m)W;(P).
Given m, the number of possible P is, by the Brun-Titchmarsh inequality,

Uy (x/m)* Vi, a'/Flogyz

< . . 7

vlg) log(z/q) — w(g) m'/*logx

where V}", = max {#V{k}( (¢; (w)E)) : (w)k, € UqK}. Summing this over possible m, we get

> 1 <

n<zx inconvenient
P(n)>z; p>y = pFtt tn
(Vi) fi(n)=a; (mod q)
via (4.5). By Proposition 3.1, the quantity on the right hand side above is negligible compared
to the right hand side of (8.1) whenever ¢"~ 'V}, < (log 2)!=2/3)*s - But this does hold under

any one of conditions (i)-(iii) in the statement of Theorem 2.1, because:

V'l’,’q zl/k 2 o(1)
QO(CD . (log I)l—ake/2 eXp (O((log3 Q?) - (10g2(3Q)) ))

(i) VI, < 1if at least of one of {Wj}1<i<k is linear.

(i) V', < D9 if ¢ is squarefree, since #Vl(?((é; (wi)E ) < Dy, for all £>> 1.

(i) V{, < ¢*~!/Pmin by work of Konyagin [19, 20]
This establishes (8.1), completing the proof of Theorem 2.1. O

8.1. Optimality in the ranges of ¢ in Theorem 2.1. In all our examples below, {W; ; }X,
C Z|T] will be nonconstant with Hf; W, . separable over Q. Then B(Wiy,...,Wkg) = 1,
guaranteeing that any integer satisfies IFH (Wi, ..., Wgky;1). We claim that there exists
a constant C' = 5(W1,k, ..., Wky) such that for any multiplicative functions (f1,..., fx)
satisfying f;(p*) = Wi x(p) for all primes p and all i € [K], any 5-r0ugh k-admissible integer
q lies in Q(k; f1,--+, fi); in other words, (f1,..., fx) are jointly WUD modulo any fixed C-
rough k-admissible integer ¢. Indeed, viewing a character of U, qK as a tuple of characters mod
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¢,'° the condition (2.1) becomes vacuously true whenever T;.(q) == {(Wy(u), -+, Wgi(u)) €
U :u € Uy} generates the group U,S. Now under the canonical isomorphism U — [, UX,
the set T(q) maps to [[,, Tx(€¢). Thus by [31, Lemma 5.13], if 7;(g) does not generate Uk,
then there is some (¢ || ¢ and some tuple of characters (¢, -+ ,9¥k) # (Xos,-- -, Xo,e) mod

¢¢ for which ], 1i(W;(u)) is constant on the set Ri(¢¢). Our claim now follows from [29,
Lemma 5].

Fix any k£ € N. Let 50 > max{é, 4K D} be any constant depending only on the polynomials
{W, k h1<i<x, which also exceeds the size of the leading coefficient and (nonzero) discriminant
of Hfil Wi k. Then by Theorem N, fi,..., fx are jointly weakly equidistributed modulo any
(fixed) 50—rough k-admissible integer. Fix a prime ¢, > 6’0, and consider any nonconstant

polynomials {W; ,} 1<i<x C Z[T] all of whose coefficients are divisible by ¢y, so that a,(¢y) = 0
1<0<h—1
for each v < k. Our moduli ¢ will have P~(q) = {p, so that a,(¢) = 0 for all v < k.

In each example below, we will show that ay(q) # 0, so that ¢ is k-admissible and lies in
Q(k; fi,- -+, fx) by definition of Cy. The constant K, (in the assumption ¢ < (logx)%°) is
taken large enough in terms of {W; ,}X .

Optimality under condition (i). We show that for any K > 2, the range of ¢ in Theorem
2.1(i) is optimal, — even if all of Wy, ..., Wk are assumed to be linear, for any choice of
(pairwise coprime) linear functions. Indeed, consider W; x(T") == ;T + b; € Z[T] for nonzero
integers ¢; and integers b; satisfying b;/c; # b;/c; for all i # j. Then Hfil Wik is clearly
separable in Q[T]. Choose a nonzero integer b such that [],(cib + b)) # 0. Let Co >
max{|b|, |c;b + b;| : 1 < i < K} be any constant satisfying the aforementioned requirements,
so that any ¢ with P=(q) = ¢, > Cj is coprime to b and to [T, Wir(d) = [T, (cib + by).
Thus ax(q) # 0 and ¢ € Q(k; f1,---, fx). Now any prime P < z'/* satisfying P = b
(mod ¢q) also satisfies f;(P*) = W, 1(P) = ¢;b+ b; (mod q) for all i € [K]. The Siegel-Walfisz
Theorem thus shows that there are > xl/k/go(q) log x many n < z satisfying f;(n) = ¢;b + b;
(mod ¢) for all i € [K]. By Proposition 3.1, this last expression grows strictly faster than
o(q) K#{n < x: (f(n),q) = 1} as soon as ¢ > (logx)+9)/(E=1) for any fixed e € (0,1),
showing that the range of ¢ in Theorem 2.1 under condition (i) is essentially optimal. Note
that with ¥V € [2(1 + €)log, z/(K — 1), (Ko/2)log, 7], the squarefree integer ¢ == [], /<y ¢
satisfies all desired conditions; in particular (logx)1+)/(K=1) < ¢ < (log z)X° and P~(q) = /.

Optimality under condition (ii). To show that the range of squarefree ¢ in Theorem
2.1(ii) is optimal, we define Wi (1) = [[,<;<o(T — 2j) + 2(2i — 1) € Z[T] for some fixed
d > 1. Eisenstein’s criterion at the prime 2 shows that each W, is irreducible in Q[77, and
the distinct W;;’s differ by a constant, making Hfil Wi i separable over Q. Now 2 € U,,
and W;(2) = 2(2i — 1) < 22K — 1) < 4KD < Cy < P~(q) for cach i € [K]. Thus, ¢ €
Q(k; fr,- -+, fr) and (2(2i—1));L, € UJ. Further, any prime P satisfying [[,,,(P—2j) =0
(mod ¢) also satisfies f;(P*) = W, x(P) = 2(2i—1) (mod q) for each i. Since 2d = 2deg W, ;, <
4KD < P~(q), we see that 2,4,...,2d are all distinct coprime residues modulo each prime
dividing ¢, whereupon it follows that the congruence [], ;. ,(v —2j) =0 (mod g) has exactly

OHere UqK is the direct product of U, taken K times.
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qv(a) . z1/k
w(g) logz
P < '/ satisfying f;(P*) = 2(2i — 1) (mod q) for all 4, so there are also at least as many

n < zx for which all f;(n) =2(2i — 1) (mod ¢). The last expression grows strictly faster than
o(q) %#{n <z : (f(n),q) = 1} as soon as 1D = gK-1gw(@) > (log 2)(1+9% for any

min

fixed € > 0, showing that the range of ¢ in Theorem 2.1(ii) is essentially optimal.

d“@) distinct solutions v € U, for squarefree ¢q. Hence, there are >>

many primes

Note that it is possible to construct squarefree ¢ < (logz)X° satisfying the much stronger
requirement that d“(? > (logz)19% (and P~(q) = fp). Indeed, let ¢ = [], -4y ¢ for
some Y < (Ko/2)logyx. Then w(q) = >, o<y 1 > Y/2logY, while by the Chinese Re-
mainder Theorem and the Prime Ideal Theorem, ay(q) < k’/logY for some constant &' =
K Wik, Wk lo). So we need only choose Y € (4x'log, z/logd, (Ky/2)log, x) to have
q < (logz)%0 and d“@ > (logz)(+e)k,

For future reference, we observe that any n of the form P* with P a prime exceeding ¢ satisfies
Pi(n) > q. Hence in the above setting, we have shown the stronger lower bound

dw@  pl/k
52) R
= ) ¢(q) logz
n<z: Pr(n)>q q<P<gl/k
(Vi) fi(n)=2(2i—1) (mod q) ITi<j<a(P—25)=0 (mod q)

Optimality under condition (iii). Fix d > 1 and define W; ,(T) == (T — 1) +i € Z[T}, so
that J[/S, Wix(T + 1) = [[2,(T% + i) is clearly separable in Q[T7], hence so is [[, Wix(T).
Let ¢ := Q? for some Q < (log z)%/4 satisfying P~(Q) = £y. Then 1 € Ry(q), showing that ¢ €
O(k; f1,- -+, fx). Moreover, ¢ € U, for each i € [K], and any prime P = 1 (mod () satisfies
fi(P¥) = Wi (P) = (P—1)*4+i =i (mod ¢). Consequently, there are > z'/* /¢*/?log z many
n < x satisfying f;(n) =¢ (mod q) for all 7, and this last expression grows strictly faster than
0(q) K#{n < x:(f(n),q) = 1} as soon as ¢&—1/Pmin = ¢K=1/d > (Jog )1+ for some fixed
€ € (0,1). This establishes that the range of ¢ in condition (iii) of Theorem 2.1 is optimal, and
concrete examples of moduli ¢ satisfying the conditions imposed so far, are those of the form
Q“, with Q lying in [(log ) TOEK-1/d™/d (Jog 2:)K0/d] and having least prime factor £.

9. RESTRICTED INPUTS TO GENERAL MODULI: PROOF OF THEOREM 2.2

Fix T' € N.;. By Proposition 4.1 and the fact that Pj,(n) < Pr(n), it is immediate that

(9.1) Z)§q1:0< > 1).

n<z: Pr(n n<lz
ged(f(n),q)=1 ged(f(n),q)=1

In Theorems 2.2 and 2.3, we may assume ¢ to be sufficiently large, for otherwise these results
follow directly from Theorem N and (9.1). The latter formula also show the equality of the
second and third expressions in (2.2), so it remains to show the first equality in either. Recall
that for this theorem, we have € := 1 and y = exp(y/logz) in the framework developed in
section 4. Now any convenient n has Pji(n) > y and hence is counted in the left hand side of
(2.2). By Theorem 4.2, it suffices to show that the contributions of the inconvenient n to the
left hand sides of (2.2) are negligible compared to o(q) 5#{n < z : (f(n),q) = 1}. In fact,
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by (4.3) and (3.3), it remains to show the bound (9.2)below to establish the theorem:

* ZL‘l/k
9.2 1 .
( ) Zn: PR(n)>q << S0(q>[((10g x)l—ZOﬁk/g

Here and in the rest of the manuscript, any sum of the form > denotes a sum over positive
integers n < x that are not z-smooth, not divisible by the (k+1)-th power of a prime exceeding
y, have Pji(n) < y and satisfy f;(n) = a; (mod q) for all i € [K]. Other conditions imposed
on this sum are additional to these.

Defining wy(n) = #{p > ¢ : p* | n} and w*(n) = #{p > ¢ : p*** | n}, we first show the
following three bounds:
(9.3)

1/k

* * x
1 1 1 )
2o symzron Y 2y 2 < ) log)

i <z: (f(n),q)=1
w*(n)>1 w*(n)Z?(kiE PJk(Z)%y, P(n)>z
p>y => pk+1 f n

Any n counted in the first sum is of the form m(Pxpy1--- P)¥, where Pj.(m) < y, where
Py, ..., Pgpy1 are primes exceeding ¢ satisfying P, .= P(n) > z and ¢ < Pxpy1 < -+ < Py,
and where f;(n) = fi(m) HKD+1 fi(PF) = fi(m )HK_DJrl Wi x(P;). The conditions f;(n) = a;

(mod ¢) can be rewritten as (Pi,..., Pxpy1) mod g € VI(fI)DJFLK (¢; (a:fi(m)™)E,). Given
m, (vi,...,Vxps1) € VI(?Z))—&-LK (¢; (aif;(m)™"K)), and Ps, ..., Pkpy1, the number of Py in (g,
g% /mMEPy - - Pgpyq] satisfying Py = vy (mod q) is < z'/*logy z/mY* Py - -+ Pxpy1¢(q) log
by Brun-Titchmarsh. We sum this over all possible P, ..., Pxpi1, making use of the bound
Yo gap<a 1/p < logyx / ©(q) uniformly in v € U, (this follows from Brun-Titchmarsh and

p=v (mod q)

partial summation). We deduce that the number of possible (P, ..., Pxp41) satisfying P; = v,
(mod q) for each j € [KD + 1] is no more than
1 2% (log, )W
9.4 1 . )
(9.4) Z Z < ©(q)KD+1 mY/*log x

q<Pgp1<-<P<z

(VJ) Pj=v; (mod q) Z<P1§x1/k/m1/kp2.“pKD+1

PlEU1 (InOd q)
Define V) = max {#VTK(q, (W) twy, .. wi € Uq}. Summing (9.4) over all (vy,...,

Vkpi1) € VKDH’K (; (aif;(m)™")E,) and then over all m via (4.5) shows that

* VI,(D K zt/k
O8) 2 iyzrnnt € pgrpn (ogayrae P (O(ogan)? + (oga(30))°%))

Applying (4.9) with N := KD +1, we get Vi, g /9(0) P < () " [1,,(1+0(71P)) <
¢(q)"% exp (O((log ¢)'~'/P)). This yields the first bound in (9.3).

Next, any n counted in the second sum in (9.3) can be written in the form mp®(Pgp - -- P;)*
for some m, ¢ and distinct primes p, Py, ..., Pxp exceeding ¢, which satisfy the conditions P; =
P(n) > 2,9 < Pgp <--- < Py, Pp(m) <y, c>k+1and fi(n) = fi(m) f;(p°) [[;Z; Wir(P),

so that (Py,..., Pxp) mod q € VI(f)DK(q; (a;f;(mp¢)~HE 1) Given m,p,c and (vy,...,vgp) €
Véfl))’K (¢; (aif;(mp®)~1)K,), the arguments leading to (9.4) show that the number of possible
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(P, ..., Pxp)satisfying (P)ED = (v;)K2 (mod q) is < 2/*(log, J:)O(l)/gp(q)KDml/kpc/k log .

i=1 =

Summing this successively over all (vy,...,vgp), ¢ > k+ 1, p > ¢ and all possible m, shows
. . VJ,

that the second of the three sums in (9.3) is < o /,f; ’(Dq’)KK o (log;;i/f;ak 75. (Here we have noted that

Yopsa, ckrr P, T < g7 VR) By (4.10), we have Vip / q*e(q)P < 1/q",
proving the second inequality in (9.3).

Lastly, any n counted in the third sum in (9.3) still has P(n) > z and P(n)* || ¢, and thus
can be written in the form mp{ - - - piXk P* for some distinct primes py, ..., pr, P exceeding
q and some integers m, ¢y, ..., cky, which satisty P = P(n) > z, Py,(m) <y, ¢; > k+ 1 for
all j € [KE|, and ged(f(m),q) = 1. Given m,p1, ..., Pk, C1, - - -, Ckk, the number of possible
P > z satisfying P* < x/mp{t - piEr is < z'/* [(mp$* - - - pEE)/*log z. Summing this over
all ¢1,...,cxr > k+ 1, and then over all py, ..., pgr, m, shows the third bound in (9.3).

In the rest of the argument, R as in the statement of the theorem is the least integer exceeding

e )| RIS

Since ¢ is sufficiently large, the g-rough part of any n satisfying ged(f(n),q) = 1 is k-full (by
Lemma 3.3). As such, any n with w*(n) = 0 counted in (9.2) must have w|(n) > [R/k| >
KD + 1, and hence is counted in the first sum in (9.3). Moreover, any n with wy(n) = KD
counted in (9.2) must also have w*(n) > R — kwy(n) > k(KD + 1) — kKD > 1, and hence is
counted in the second sum in (9.3). By (9.3), it thus remains to show that the contribution
of n having wy(n) € [KD — 1] and w*(n) € [Kk — 1] to the left hand side of (9.2) is absorbed
in the right hand side. This would follow once we show that for any fixed r € [KD — 1] and
s € [Kk — 1], the contribution 3, 5 of all n with w(n) = r and w*(n) = s to the left hand side
of (9.2) is absorbed in the right hand side.

Now any n counted in ¥, 4 is of the form mp{* - - - p& Pf - - - P¥ for some distinct primes py, . . . , ps,
Py, ..., P, and integers m,cy, ..., cs, which satisfy the following conditions: (i) P(m) < g;
(i) P, = P(n) > z; ¢ < P. < --- < Pp; (iii) p1,...,ps > ¢ (iv) ¢1,...,¢5 > k+ 1
and ¢; + -+ ¢, > R—kr; (v) m, p1,...,ps, P1,..., P are all pairwise coprime, so that
fitn) = film) f(") -+ f(pg) [T, Wir(P;) for each i € [K]. Here, property (i) holds because
the g-rough part of any n satisfying ged(f(n),q) = 1 is k-full, whereas wy(n) =r, w*(n) =s .

With 7; := min{¢;, R — kr}, it is easy to see that the integers 71, ..., 7, € [k+ 1, R — kr| satisfy
nm<cpy.o,7s <csand 11+ -+ 75 > R— kr. (Here it is important that R > k(KD + 1),
r<KD—1and ¢ +---+4¢s > R — kr.) Turning this around, we find that

(96) 27"75 S Z -/\/'T',S(Tla ce 77—8)7

Tiye..,Ts €[k+1,R—kr]
71+ +7s>R—kr

where N, 4(71,...,7s) denotes the contribution of all n counted in (9.2) which can be written
in the form mp§' - --p% Pf ... P¥ for some distinct primes py, ..., ps, Pi, -+, P, and integers
m,cq, ..., Cs satisfying the conditions (i)-(v) above, along with the condition ¢; > 7,...,¢s >
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7s. We will show that for each tuple (7q,...,7s) occurring in (9.6), we have

Slil/k(logQ :E)O(l)

(9.7) Nes(ma,..0,7) < Koz
Consider an arbitrary such tuple (7,...,7,), and write n in the form mp{* - .- p% PF ... P¥ as
above. The conditions f;(n) = a; (mod q) lead to (Py,...,P.) mod q € V! K(q, (azfz(m]zﬁ1

p?)*l)fil). Given m,py,...,ps,C1,...,¢s and (vy,...,v,) € VhK(q, (a; fi(mp{* - )
the arguments leading to (9.4) show that the number of possible Py, ..., P. satlsfymg P =

v; mod ¢ for each j € [r], is < z'/*(log, x)° /(p Ukpil/k--- cs/k logz. With V) =
Max(y,),cvx #V (q, (w;)X,) as before, the bounds Y J* < ik yield

Pi>q: Ci>Ti p;
1 Vik z/*(log, )M 1
gt ks (g log z mi/k’

m<z: P(m)<q
ged(f(m),q)=1

98)  N(m,... 7)<

Proceeding as in the argument for (4.5), we write any m in the above sum as BM where B is
k-free and M is k-full, so that B = O(1) and P(M) < q. We find that
(9.9)

1 1 1 1 1
Z ml/k < Z —Ml/k_H(l—i‘p—i‘O(m))«eXp (Z;)«lqu

m<az: P(m)<q M<z: P(M)<q p<q pot
ged(f(m),q)=1 M is k-full

Inserting this into (9.8), we obtain

1 Vi  a'/*(logyz)°M
gttm)/k=s p(q)r log = '

(9.10) Nos(m, .o, 7) <

Now since 1 < r < KD — 1, an application of (4.10) with N := r now yields
(9.11)

10 1/k(] o(1) 1) 1/k(] o(1)
Noslrr, 7)) oM (log, )0 e (Ofwla))) 2/ (logy )

gt /k=str/D’ log x gmex{s/k.R/k=r—s}+r/D log z

where in the last equality we have recalled that 7,..., 7 > k+1land 7y +---+ 7, > R — kr.
We claim that max{s/k, R/k —r — s} +r/D > K. This is tautological if s/k +r/D > K, so
suppose s/k+1r/D < K. Then r < D(K — s/k) < DK — D/k, and s < k(K —r/D) so that
R/k—r—s+r/D > R/k—Kk+((k+1)/D—1)r. If k < D, then (k+1)/D—1 < 0,soforall 1 <
r < DK —D/k, we have R/k— Kk+((k+1)/D—1)r > R/k—Kk+((k+1)/D—1)(DK — D/k)
and this exceeds K since R > k(K D+1). If on the other hand, we had k > D, then k+1 > D
and the minimum value of R/k — Kk + ((k + 1)/D — 1)r is attained at r = 1, giving us
R/k — Kk+ (k+1)/D —1)r > R/k — Kk + ((k+1)/D — 1) which also exceeds K since
R>k(1+ (1+k)(K —1/D)). This shows our claim, so that (9.11) leads to (9.7). Summing
(9.7) over the O(1) many possible tuples (7y,...,7s) occurring in the right hand side of (9.6)
yields %, , < #/*(log, z)°®) / ¢ log ¥, which (as argued before) establishes Theorem 2.2.
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10. FINAL PREPARATORY STEP FOR THEOREM 2.3: COUNTING POINTS ON VARIETIES

To establish Theorem 2.3, we will need the following partial improvements of Corollary 5.4.
In this section, we again deviate from the general notation set up for Theorems 2.1 to 2.3, so
the notation set up in this section will be relevant in this section only.

Proposition 10.1. Let F € Z[T] be a fized nonconstant polynomial which is not squarefull.

(a) Define Va1(l;w) = {(v1,v2) € U : F(v1)F(v3) = w (mod £)}. Then #Va1(6;w) <
o(f) (1 +0 (6*1/2)), uniformly for primes ¢ and coprime residues w mod (.

(b) Let G € Z[T)] be any fized polynomial such that {F,G} C Z[T] are multiplicatively
independent. Let Vso(l;u,w) be the set of (vi,ve,v3) € U} satisfying the two con-
gruences F(v1)F(vy)F(v3) = u (mod ¢) and G(v1)G(v2)G(v3) = w (mod ¢). Then

#Vs ol u,w) Lpa @), uniformly in primes ¢ and coprime residues u, w mod £.

Our starting idea will be to look at Vy;(¢;w) and Vso(f;u, w) as subsets of the sets of [Fy-
rational points of certain varieties over the algebraic closure F, of [F,.

Proposition 10.2. Let V be a variety defined over Fy and V(Fy) .=V NTF,.

(a) If V is an absolutely irreducible affine plane curve, then #V (Fy) < £+ O(V1), where
the implied constant depends only on the degree of V.

(b) Let d be the positive integer such that V. C (F,)?. We have #V (F,) < (5™V  where
dim V' is the dimension of V as a variety, and the implied constant depends at most on
d and on the number and degrees of the polynomials defining V.

Subpart(a) is a consequence of [24, Corollary 2b], while subpart (b) is a weaker version of [13,
Claim 7.2] but in fact goes back to work of Lang and Weil [22, Lemma 1]. To make use of the
aforementioned results, we will also be needing the following observations.

Lemma 10.3. Let F,G € Z[T] be fized multiplicatively independent polynomials such that F
is not squarefull. There exist constants ko(F') and k1(F,G) such that:

(a) For any N > 2, £ > ko(F) and w € F}, the polynomial [, F(X;) — w is absolutely
irreducible over Fy, that is, it is irreducible in the ring Fo[ X1, ..., Xn].

(b) For any { > k1(F,G) and u,w € F;, the polynomial F(X)F(Y)F(Z)—u is irreducible
and doesn’t divide the polynomial G(X)G(Y)G(Z) — w in the ring Fy[X,Y, Z].

Proof. Write F' = rHinl Gl;j for some r € Z, b; € N, and pairwise coprime irreducibles
G, € Z[T], so that by the nonsquarefullness of F' in Z[T], we have b; = 1 for some j € [M].
By the observations at the start of the proof of Proposition 5.3, there exists a constant rq(F)
such that for any prime ¢ > ko(F), ¢ doesn’t divide the leading coefficient of F' and Hj\il G,
is separable in F,[T]. This forces [] ye5, (T —60)* 1 F(T) in F[T].

F(6)=0
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Proof of (a). We will show that for any ¢ > ko(F) and U,V € F,[X,, ..., Xy] satisfying
N

(10.1) [[FX)—w=UX,... . Xy)V(X1,..., Xn),
i=1

one of U or V must be constant. First note that for any root # € F, of F, we have —w =
U(Xl, R ,XNfl, 0>V(XL’ ceey XNfl, 9), fOI'CiIlg U(Xl, c ,XNfl, 0) and V(Xl, c ,XNfl, 0) to
be constant in the ring F,[ Xy, ..., Xy]|. Writing U(X4,..., Xn), V(X1,..., Xy) as

o i, XN o i, . xIN-

> Ui in o (XN) Xq0 - X0 > Ui (X)) X3 X
Tlyeeey inN—1>0 jl ----- jN71>0

11<R1 ..... iN—lSRN—l j1<T1 77777 jN—lSTN—l

----- iN—13 Uj1,.in—1 yoey g TN =1 is iden-

tically zero), we thus find that u;, ;. ,(0) = vj. v, (0) = 0 for any (i1,...,in-1) #

0,...,0), (J1,.--,dn-1) # (0,...,0), and any @ as above. Thus, if the tuples (Ry,..., Ry_1)

and (T1,...,Ty-1) are both nonzero, then [] o5, (Xy — 0) divides ug, gy ,(Xy) and
F(0)=0

vy v, (Xn) in Fo[Xx]. But then, if o € Z is the leading coefficient of F', then comparing the

monomials (in X7, ..., Xy_;) with maximal total degree in (10.1), we find that o™ 1 F(Xy) =

F(0)=0
vations in the first paragraph of the proof. Thi(s)forces one of (Ry,...,Ry_1)or (T1,...,Tn_1)
to be (0,...,0), say the latter. Then V(Xy,..., Xxy) = v o(Xn) and since N > 2, plugging
X, = 0 for some root € F, of F into (10.1) yields —w = U(#, X, ..., Xn)vo...o(Xy), forcing
V' to be identically constant.

77777

Proof of (b). We claim that for all primes ¢ > 1, if the rational function F?G® is constant
in the ring F,(T) for some integers a, b, then a = b =0 (mod ¢).!! The argument for this is a
simple variant of that given for the inequality “OI‘dg(ﬁ ) < Ly<¢, C1” in the proof of Proposition
5.3(b), so we only sketch the outline. Since {F,G} C Z[T| are multiplicatively independent,
the polynomials {F'G, FG'} C Z[T] are Q-linearly independent, hence so are the columns of
the matrix M; listing the coefficients of F'G and FG' in two columns. Hence we can find
invertible matrices P; and @1 (where @; is a 2 x 2 matrix) such that P, M;Q, = diag(f1, B2)
for some (1, By € Z \ {0} satisfying (5 | Ba. Let £ > |fB2| be any prime not dividing the leading
coefficients of F, G, F'G or FG'. If FAG" is identically constant in Fy[T], then a F'G+bFG' =

in Fy[T], so My(a b)" =0 (mod ¢). Hereafter, familiar calculations yield (a b)" =0 (mod £).

Collecting our observations, we have shown that there exists a constant x;(F, G) such that for
all primes ¢ > k1(F, @), the following three properties hold:

(i) ¢ > ko(F), so that [] ‘ﬁm (T —0)2{ F(T) in F,[T7;
F(6)=0

(ii) ¢ doesn’t divide the leading coefficient of F' or G; and,

(iii) For any a,b € Z for which F*G? is identically constant in F;(7"), we have ¢ | a and ¢ | b.

N7t is not difficult to see that this also forces a = b = 0, but we won’t need that.
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We will now show that any such constant r:(F,G) satisfies the property in subpart (b) of
the lemma. By subpart (a), F(X)F(Y)F(Z) — u is already irreducible in F,[X,Y, Z] for any
u € F;. Assume by way of contradiction that for some ¢ > r;(F,G) and u,w € F/, we have

(10.2) G(X)G(Y)G(Z)—w = Ho(X,Y, Z) (F(X)F(Y)F(Z)—u) for some Hy € F,[X,Y, Z].
Write Hy(X,Y, Z) =t > o0<iy<r hiyip(X)Y ™ Z% for some h;, ;, € F,[X] with h,, ., not identically

12<rg

zero. If (r1,75) = (0,0), then substituting a root of F' and G in place of Y and Z respectively,
we see that Hy must be a constant \g € F, \ {0} satisfying w = Au. Thus G(X)G(Y)G(Z) =
MF(X)F(Y)F(Z). Now substituting some n € Fy which is not a root of FG in place of both Y’
and Z leads to F(X)G(X)™' = Ay ' F(n)"2G(n)?, anonzero constant. But since (1, —1) # (0,0)
(mod /), this violates condition (iii) in the definition of x;(F,G). Hence (ry,r2) # (0,0).

Let o, 8 € Z denote the leading coefficients of F' and G respectively. Comparing the mono-
mials in Y and Z of maximal total degree in (10.2) yields 8*G(X) = o*F(X)h,, ,,(X) in
F¢[X], so that (since either side of this identity is nonzero), we get F' | G in F,[X]. Write
G = F™H for some m > 1 and H € Fy[X] such that F { H in F,[X]. An easy finite in-
duction shows that with Gy(X,Y,Z) = F(X)" '"F(Y)" 'F(Z)"'"H(X)H(Y)H(Z) — u'w
and F(X,Y,Z) = F(X)F(Y)F(Z) — u, we have F | G, for each t € {0,1,...,m}. In-
deed, the case t = 0 is just (10.2), and if F | G, for some ¢ < m — 1, then writing
G, = Q.F shows that F(X)F(Y)F(Z) | (QuX.,Y,Z) — u D). With Q. defined by
Qi(X,Y,Z) —u = F(X)F(Y)F(Z)Qu41(X,Y, Z), we obtain Gy = Qi1 F completing
the induction.

Applying this last observation with ¢ :== m shows that ﬁ(X, Y, Z) divides H(X)H(Y)H(Z) —
u™w in Fy[X,Y,Z]. We claim that this forces H to be constant. Indeed if not, then let-
ting v € F, \ {0} be the leading coefficient of H, '* writing H(X)H(Y)H(Z) — v ™™w =
(F(X)F(Y)F(Z)—U) 28321321 Gix io ()()1/7’1 Ziz for some iy iz S FZ[X] with Gb1,ba % 07 and com-

paring the monomials in Y and Z of maximal degree, we obtain v2H(X) = a?F(X)gy, 4,(X).
This leads to F' | H, contrary to hypothesis. Hence H must be constant, so the identity
F~™G = H in F,(X) violates condition (iii) in the definition of x;(F,G), as (—m, 1) # (0,0)
(mod ¢). This shows that F' cannot divide G(X)G(Y)G(Z) — w, completing the proof. O

Given a commutative ring R and an R-module M, we say that x € R is an M-regular element
if x is not a zero-divisor on M, that is, if xz = 0 for some z € M implies z = 0. A sequence
x1,...,x, of elements of R is said to be M-regular if z; is an M-regular element, each x; is
an M/(xz1,...,x;—1)M-regular element, and M/(xy,...,z,)M # 0. It is well-known (see [5,
Proposition 1.2.14]) that for any proper ideal I in a Noetherian ring R, the height of I is at
least the length of the longest R-regular sequence contained in [.

Proof of Proposition 10.1. With ko(F) and k1 (F,G) as in Lemma 10.3, the affine plane curve
{(X,)Y) € Fj . F(X)F(Y) —w = 0} is absolutely irreducible for any ¢ > ko(F), so that
Proposition 10.2(a) yields Proposition 10.1(a). For (b), it suffices to show that for any prime
¢ > k1 (F,G), the variety V; C Fi defined by the polynomials F(X,Y, Z) = F(X)F(Y)F(Z)—u

2Here 4 # 0 in Fy because £ doesn’t divide the leading coefficient of G = F™H.
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and @(X,Y, 7Z) = G(X)G(Y)G(Z) — w has <pg ¢ many Fj-rational points. Consider the
ideal I1(V;) of the ring R := F,[X,Y, Z] consisting of all polynomials vanishing at all the points
of V;, so that (F,G) c I(V;). If I(V;) = R, then V; = 0, so suppose I(V;) C R. Lemma
10.3(b) shows that the sequence G, F € I(V;) is R-regular, so by [5, Proposition 1.2.14], I(V;)
has height at least 2. By [4, Chapter 11, Exercise 7], the Krull-dimension of R is 3, whence
that of R/I1(V;) is at most 3 — 2 = 1 (by, say, [25, p. 31]). Thus dim(V;) < 1, and Proposition
10.2 completes the proof. O

11. RESTRICTED INPUTS TO SQUAREFREE MODULI: PROOF OF THEOREM 2.3

Returning to the notation set up in the introduction, we start with the same initial reductions
as in section 9. As such, in order to establish the theorem, it suffices to show that

1/k

* x

11.1 1 < 5

( ) Zn: Pr(n)>q @(Q)K(log w>172ak/3

with the respective values of R defined in the statement. Here we again have ¢ = 1 and

1
y = exp(y/logx) in the framework developed in section 4. We retain the notation wyj(n) =
#{p>q:p| n}and w*(n) = #{p > q: p*' | n} from section 9.

The case K = 1, Wy not squarefull. In this case, (11.1) would follow once we show that
* .I'l/k

11.2 1

( ) an Pk+1(n)>q << QO(Q) (log x>1—2ak/3 ’

Indeed, any n counted in (11.2) which is divisible by the (k4 1)-th power of a prime exceeding

q can be written in the form mp°P* for some positive integers m, ¢ and primes p, P, satisfying

P=Pn)>zqg<p<P,c>k+1, Pi(m) <yand f(n) = f(m)f(p°)Wi(P). Recalling

that #{u € U, : Wi(u) = b (mod ¢)} < D*@ uniformly in b € Z, the argument given for

the second bound in (9.3) shows that the contribution of such n is < -2 sl xi/,kgak = K
21/k

p(q)(log )t ~2k/3"
the (k + 1)-th power of any prime exceeding ¢, the condition Pri1(n) > ¢ forces w(n) > 2

(again since ¢ is sufficiently large and the g-rough part of n is k-full). Thus n = m(PP,)F,
for some m and primes P;, P, satisfying P, == P(n) > z, ¢ < P, < P;, Pj(m) < y and
f(n) = f(m)Wi(P)Wg(P,). The arguments before (9.5) show that the contribution of such n

. ) 21/k S 21k e
is < @(2;)12 ' Gogay=on7? exp((logs )°M), which is < (2] Gog o) =27 by Proposition 10.1(a).

q'/%¢(q) * (logx)
On the other hand, for any n counted in (11.2) which is not divisible by

The remaining cases. To complete the proof of Theorem 2.3, it thus remains to show that
we may take:

(i) R=k(Kk+ K — k)4 1if K,k > 2 and at least one of {W, ; }1<i<x is not squarefull.

(i) R=k(Kk+ K — k+ 1)+ 1, in general.

We shall call (i) as “Subcase 17 and (ii) as “Subcase 2", and we shall denote R = k(Kk+ K —
k+ 1)+ 1 to mean the respective value of R in the respective subcase.
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We have the following analogues of the first two bounds in (9.3), which can be shown by
replicating arguments and replacing the use of Proposition 4.4 by Corollary 5.4.

1/k

* * I
11.3 1, 1 < ,
( ) Zn: w|| (n)>2K+1 Z’I’L: W) (n)=2K < g0<q)[((10g x)l—QOzk/3

w*(n)>1

If w*(n) = 0, then kw(n) > R > k(Kk+K —k+1)+1, so that wy(n) > Kk+ K —-k+1+1>
2K + 1; hence, any n with w*(n) = 0 counted in (11.1) is automatically counted in the first
sum in (11.3). Likewise, the condition wy(n) = 2K forces }_ _ i1, vp(n) = R — kwy(n) >
E(K—=1)(k—1)—1+1)+1 > 1, so that w*(n) > 1; as such, any n with wy(n) = 2K contributing
to (11.1) is counted in the second sum in (11.3). Furthermore, by the third bound in (9.3), the
contribution of all n having w*(n) > Kk to the left hand side of (11.1) is absorbed in the right
hand side. It thus suffices to show that for any r € [2K — 1] and s € [Kk — 1], the contribution
¥, of all n with wy(n) = r and w*(n) = s to the left hand side of (11.1) is absorbed in the
right hand side.

Recall that any n counted in %, ; is of the form mp{ - - - p& Pf - - - P¥ for some distinct primes
Py, Ds, Pr, ..., P, and integers m, ¢y, . . ., ¢5, which satisfy the conditions (i)—(v) in the proof
of Theorem 2.2, but with the current values of R. Once again, the integers 71, ..., 7, defined
by 7; = min{c¢;, R — kr} satisty ; € [k+1,R—kr], 7, < c¢jand 7y +--- + 7, > R — kr. (Here
R —kr > k+1 follows from r <2K — 1 and R = k(Kk+ K —k+ 1)+ 1.) Thus,

(11.4) Srs < > Nos(T1, -5 7),
T1yeos Ts E[k+1,R—kr]
T1++71s>R—kr

where N, s(71,...,7s) denotes the contribution of all n counted in the left hand side of (11.1)
which can be written in the form mp{* - - - pS PF... P* for some distinct primes py, ..., ps, P,
-+, P. and integers m, ¢y, ..., ¢, satisfying ¢; > 7,...,¢s > 75 and the conditions (i)—(v) in
the proof of Theorem 2.2 (but with the current values of R). We will show that for each tuple
(T1,...,7s) occurring in (11.4), we have

z'/*(log, )M

(11.5) Nos(m, .o, 7) <

exp (O(\/log q))

X log x

Now the bound (9.10) continues to hold, so we have

1 Vik  a'/*(logy )W)
(11.6) Nea(mis -0 7a) < qnt-tm)/k=s p(q)r . log z
with the current values of 7,s,71,...,7, and with V! ;- defined as before. By (5.22),
exp (O(w(q)))  z'/*(log, 2)°W exp (Ow(q))  x'/*(log, z)°W
Nos(T1y 03 7a) < = — < ey :
(Tt Ts) h—str/2 log qmax{s/k+r/2, R/k—r/2—s} log x

Now max{s/k +r/2, R/k —r/2 — s} > K whenever one of the following holds:

(a) In Subcase 1, we have either k >3, r >3, or k=2, 1 > 4.

(b) In Subcase 2, we have r > 2.

Indeed, if s/k+7r/2 < K, then s < k(K —r/2), so that R/k—r/2—s> K+ (k—1)(r/2—1)—
1+ 14 1/k. This last quantity strictly exceeds K precisely under (a) or (b) above, establishing
(11.5) under one of these two conditions. It thus only remains to tackle:
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(i) the possibility that » = 1 in both Subcases 1 and 2, and
(ii) the possibilities 7 = 2 and k = 2,7 = 3 in Subcase 1.

The possibility 7 = 1 is easily handled (in both subcases) by inserting into (11.6) the triv-

ial bound V), = Vp < D;(ifl). Now assume we are in Subcase 1 and either r = 2 or

k = 2,r = 3. Suppose wlog that W is not squarefull. If » = 2, then Proposition

10.1(a) yields #V5% (q: (w)E ) /9(0)? < #Var(g:w1)/9(a)? < o(q) " exp(O(vIogq)), uni-
formly for (w;)/L, € UF. Inserting this bound into (11.6), we deduce that N5 (i, ..., 7s) <

g~ maxds/k+LR/k=1=s} . M(ll+:f)omexp (O(v1ogq)). Since max{s/k+1,R/k—1—s} > K, this

shows (11.5) in Subcase 1 when r = 2.

For k = 2,r = 3, the multiplicative independenee of {W1 k, Wy} allows us to use Propo-
sition 10.1(b) to get #Véz){(q; (wi)Ey) /o(q)® < exp (O(w(q)))/e(g)? uniformly for (w;)X,.

By (11.6), N3 o(71,...,7s) < g~ max{s/242, B/2=1=s} %exp (O(w(q))), and it is easily

checked that max{s/2+2, R/2—1—s} > K. This shows (11.5) in Subcase 1 when k = 2,r = 3,
completing the proof of Theorem 2.3.

11.1. Optimality in the conditions of Theorem 2.3. We will now show that the first
two values of R given in Theorem 2.3 are optimal. We retain the setting in subsection § 8.1
we had used to show optimality in Theorem 2.1(ii). To recall: fix an arbitrary £ € N and

d > 1, and define W, x(T) == []°,(T — 2j) + 2(2i — 1), so that []/", W, is separable (over

j=1
Q). Let Cy > 4K D be any constant (depending only on {I/VZ k}1<i<k) exceeding the size of the
(nonzero) discriminant of HZ 1 Wi, and such that any Co- rough k-admissible integer lies in

O(k; f1,--- , fr). Fix a prime £, > C and nonconstant polynomials {W; , hi<i<x C Z[T] with
1<v<k

all coefficients divisible by ¢y. Let ¢ < (log )% be any squarefree integer having P~(q) = (o,
so that as before ¢ € Q(k; f1,- -+, fr). Recall also that (2(2i — 1))k, € UqK, that any prime P
satisfying H;.lzl(P —27) =0 (mod q) also satisfies f;(P*) = 2(2i — 1) (mod ¢), and that the

congruence H;l:l(v —27) =0 (mod q) has exactly d“(9 distinct solutions v € U,

The first value R = 2 in Theorem 2.3 is optimal since the condition Py(n) > ¢ cannot be
replaced by the condition P(n) > ¢, as shown in (8.2). We now show that the condition
“R = k(Kk+ K — k) + 17 in Theorem 2.3 cannot be weakened to “R = k(Kk + K — k)”
for any K, k. To this end, let fi,..., fx: N — Z be any multiplicative functions such that
fi(p?) == Wi,(p) and f;(p"™!) == 1 for all primes p, all i € [K] and v € [k]. Consider n of
the form (py - - -pk(K,l))kHPk < x where P, py, ..., prx—1) are primes satisfying the conditions
P = P(n) > 2% ¢ < pyx-y < - < pr1 < r!/AKE and [Ticjca(P = 27) = 0 (mod g).
Then Pyxrir—1)(n) = pr—1) > q and fi(n) = fi(P¥) Hk(K Y 1p k“) = 2(2i — 1) (mod q)
for each i € [K]. Given pi,...,prrc—1), the number of primes P satisfying z'/3%F < P <
VR /(D1 prgre—1) TR is > d@DatF [o(q) (pr -+ pre—1)) T log @ by Siegel-Walfisz; here
we have noted that (py -« - prx—1)) T/F < pE-DED/AKE < 1/2k - Dividing by k! allows us
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to replace the condition pyx—_1) < -+ < p; by a distinctness condition, giving us
d@(@) p1/k
(11.7) 1> —— (1 - T2),
2 p(q)logx

n<z: Py(rit ki —k) (n)>q
(V1) fi(n)=2(2i—1) (mod q)
where 7; denotes the sum ignoring the distinctness condition on the py,...,pyx—1), and
7> denotes the sum over all the tuples (pi,...,prx—1)) for which p; = p; for some i #

j € [k(K = 1) Now Ti = []icjcnm—) (Zq<pjgx1/4m2 p]f(1+1/k)> > 1/¢"% 1 (log g)*E-
K—1)—2

while 7, < (Zp>qp_(2+2/k)) (Zp>qp_(1+l/k)>k( ) < 1/¢®. Consequently, the expres-

sion on the right hand side of (11.7) is > d*@Wz'/* /o (q)" (log, )K=V *+11og z, which by

Proposition 3.1, grows strictly faster than ¢(q) %#{n < x : ged(f(n),q) = 1} as soon as

d*@ > (logz)*9%%  We have already constructed such ¢ in subsection § 8.1. Hence, the

condition Ppgp+ K,k)ﬂ(n) > ¢ in Theorem 2.3 is optimal for any values of K and k.

As a remark, note that this example also shows that if £ = 1, then for any K, the condition
“Pyrcr1(n) > ¢” coming from the third value of R in Theorem 2.3 is “almost optimal” in the
sense that it cannot be replaced by the condition “Pyy_1(n) > ¢”.

12. CONCLUDING REMARKS

It is interesting to note that despite the extensive amount of ‘multiplicative machinery’ known
in analytic number theory, there does not seem to be any estimate in the literature, a direct
application of which can replace our arguments in section 7. For instance, Haldsz’s Theorem
only yields an upper bound on the character sums that is not precise enough, while a direct
application of the (known forms of) the Landau-Selberg-Delange method, — one of the most
precise estimates on the mean values of multiplicative functions known in literature, — seems
to give an extremely small range of uniformity in q.

Theorem 2.3 suggests a few directions of improvement. First, we are still “one step away” from
optimality in the K > 2, kK = 1 case: we proved that “2K + 17 is sufficient while “2K — 1”7 is
not, so the question is whether the optimal value is “2K” or “2K +17. If it is the former, then
we will need a sharper bound on Vjg ; than what comes from our methods in section 11. One
can also ask whether it is possible to weaken the nonsquarefullness conditions in the theorem.
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