JOINT DISTRIBUTION IN RESIDUE CLASSES OF FAMILIES OF
MULTIPLICATIVE FUNCTIONS I
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ABSTRACT. We study the joint distribution of families of multiplicative functions in residue classes,
allowing the moduli to vary within a wide range and assuming some natural control on the average
behavior of the functions at (some fixed power of) the primes. As an application, we obtain essen-
tially best possible analogues of the Siegel-Walfisz theorem for families of multiplicative functions
that can be controlled by polynomials at the first few powers of all primes. (This class includes
several interesting arithmetic functions such as Euler’s totient ¢(n), the sum-of-divisors o(n), and
more generally, the sum-of-divisor-powers o,.(n) :== >, d", and so on.) Our results extend (and

give essentially optimal uniform analogues of) works of Narkiewicz, Rayner, Sliwa, Dobrowolski,
Fomenko and others. One of the main ideas behind our arguments is the detection of a certain
“mixing” / “quantitative ergodicity” phenomenon via methods from sieve theory and the anatomy
of integers. Additionally, we need several ideas and machinery from classical analytic number
theory, character sums, linear algebra over rings, as well as arithmetic and algebraic geometry.

1. INTRODUCTION

We say that a function f : ZT — Z is equidistributed modulo ¢ € ZT if #{n < z : f(n) = a
(mod ¢q)} ~ z/q as © — oo. This notion has been studied for additive functions: See results of
Delange [8, 9], which have been partially extended in [28, 29, 1, 35]. However, for multiplicative
functions, it turns out that this notion is not the correct one to work with: For instance, using
classical results (such as those implicit in [18]), it can be shown that Euler’s totient function ¢(n)
is almost always divisible by any fixed integer ¢, and hence is not equidistributed modulo any fixed
g > 1. Motivated by this, Narkiewicz defines a function f : Z*™ — 7Z to be weakly equidistributed
(or WUD) modulo g € Z7 if there are infinitely many n for which (f(n), ¢) = 1, and if

1

<z: = m ~ —
#{n <z f(n) =a (mod q)} o)
for every coprime residue a mod ¢.! Hence, our sample space is {n : (f(n), ¢) = 1}, and every
coprime residue mod ¢ gets its fair share of the sample space. For example, if f is WUD mod
6, then the residues 1 and 5 mod 6 each asymptotically receive 50% of the sample space {n :
(f(n),6) = 1}. The notion of weak equidistribution extends naturally to a family of functions
fis-os [ ZT — Z: We say that (fi,..., fx) are WUD mod ¢ if there are infinitely many n for
which (fi(n)... fx(n),q) =1, and if for all coprime residues ay, ..., ax mod ¢, we have

(1.1)
#{n <x: (Vi) fi(n) = a; (mod q)} ~

#{n<z:(f(n), @) =1} asz— o0,

;K#{” <z:(fi(n)...fx(n),q) =1} asz — oc.

©(q)
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The notion of weak equidistribution has been studied by several authors. Narkiewicz gave a general
criterion [21, Theorem 1] deciding weak equidistribution of a “polynomially—defined” multiplica-
tive function; here, f : Z* — 7Z is polynomially—defined if there exist V € Z* and polynomials
{F,}1<v<v C Z[T| satistying f(p¥) = F,(p) for all primes p and all v € [V]. (Hence, F), controls
the behavior of f at the v-th powers of primes.) Using his criterion, he showed in [21] that ¢(n)
is WUD mod q iff (¢,6) = 1. (Related are works of Dence—Pomerance [10] and Banks—Shparlinski
2, Theorem 3.1].) Sliwa [37] used Narkiewicz’s criterion to show that the sum-of-divisors function
o(n) =>4, dis WUD mod ¢ iff 6 { g. This was extended to the functions o,.(n) = >_,, d" (which

also appear as Fourier coefficients of Eisenstein series) by Narkiewicz, Rayner, Sliwa, Doborowolski
and Fomenko [37, 13, 26, 24, 25, 30, 31]. Finally, the most general results were also obtained by
Narkiewicz in [23, 22], where he gave an exact characterization deciding when an arbitrary family
of polynomially—defined multiplicative functions is weakly equidistributed to a fixed modulus.

In all these works, the modulus ¢ is always assumed to be fized. It is then natural to ask what
happens when ¢ is allowed to grow with x, in analogy with the Siegel-Walfisz theorem from prime
number theory. Analogues of Siegel-Walfisz are always sought both due to their independent inter-
est and applications to other problems (and such analogues have been studied in other contexts,
such as for smooth numbers and mean values of multiplicative functions). In our context, the
explicit question is: Can we find analogues of the Siegel-Walfisz theorem for the joint distribution
of a general family of multiplicative functions? To formalize this, given fi,..., fx : Zt — Z and
aset Q C ZT, we say that (f1,..., fx) are WUD mod ¢, uniformly for ¢ € Q, if:

e For every ¢ € Q, we have ([[, fi(n),q) = 1 for infinitely many n, and
e (1.1) holds as z — oo, uniformly in ¢ € Q and in coprime residues ay, .. .,ax mod q.

The only results in this direction seem to have been obtained in [19, 27, 29], which have made
partial progress towards uniformizing (highly special cases of) Narkiewicz’s criteria in [21, 23].
(i) In [19], Lebowitz-Lockard, Pollack and the author show that ¢(n) is WUD uniformly mod

prime ¢ € [5, (log x)%°] for any fixed K.

(ii) In [27], Pollack and the author consider multiplicative functions fi, ..., fx : ZT — Z for which
there exist nonconstant polynomials F, ..., Fx € Z[T] with the product F} ... Fx separable? such
that f;(p) = Fi(p) for all primes p. We show that such (fi,..., fx) are WUD mod ¢, uniformly in
a very small range of ¢ (far from optimal), such that ¢ is also “almost prime” in a certain sense.

(iii) In [29], we partially improve the above result for K = 1, optimizing the range of ¢ and replacing
“almost prime” by the condition that ¢ is supported on sufficiently large primes.

Although the underlined restrictions above are not necessary in Narkiewicz’s criteria, they cannot
be overcome using the arguments and methods available in the existing literature. For instance,
several arguments in [29] do not generalize to families (i.e. to K > 1), and the separability of F;
as well as the (roughness) condition on ¢ are both needed for the arguments to work. Further,
while Narkiewicz’s criteria in [21, 23] allow a certain flexibility with prime powers (elaborated on
below) and the possibility of sparse input sets — both of which are crucial in several applications —
[19, 27, 29] cannot allow any such flexibility. Hence, these works cannot give satisfactory uniform
extensions of many of the cited works of Rayner, Sliwa and others, either.

%i.e. having no repeated roots in C
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In this manuscript, we remove all these limitations and give essentially optimal uniform extensions
of Narkiewicz’s general criteria in [23, 22] (for a single growing modulus), hence also completely
extending all the previously cited works. Our modulus ¢ will vary either within optimal ranges or
up to any fixed power of log x, hence we also obtain essentially best possible qualitative analogues
of the Siegel-Walfisz theorem for a general family of polynomially—defined multiplicative functions.
We not only need to refine the methods in the previous works (which were restricted to the anatomy
of integers), but also use several new ideas not considered in them (such as from linear algebra
over rings, as well as from algebraic and arithmetic geometry). As mentioned in § 1.2, these ideas
seem to have potential applications to other related problems as well.

1.1. The Main Results. Since the general version of Narkiewicz’s criterion in [23] requires some
technical set-up, we first give uniform analogues of a special case to illustrate the most important
ideas. In section 7, we state our most general results and the additional ingredients they require.

Consider multiplicative functions fi, ..., fx : ZT — Z for which there exist polynomials F}, ..., F
€ Z[T) satistying f;(p) = F;(p) for all primes p and all i € [K]. For ¢ € Z" we define

a(q) = p(a) #{u € Uy : Fi(u) -+ Fic(u) € Uy}, where Uy i= (2/q7)" 3
Let Q(f1,. .., fi) denote the set of all ¢ € ZT with a(q) # 0 that satisfy the following property:

For all Dirichlet characters (xi,-..,Xx) 7 (Xo,-- -, Xo) mod ¢ satisfying Hfil Xi(F;(u)) = 1 on its
“unit support” {u € U, : [[., Fi(u) € U,}, we have [, xi(fi(27)) = —1 for all j > 1.

Here xj is the trivial character mod ¢. Narkiewicz’s criterion in this special setting is as follows.
Theorem 1.1. [23] Assume «(q) # 0. Then (fi ..., fx) are WUD mod q iff ¢ € Q(f1, ..., fK)-

To state our main results, we assume that Fj, ..., Fx are multiplicatively independent, i.c. that
15, Ff is nonconstant in Q(T) for all integers (cy,...,cx) # (0,...,0).* Now factor each F
as ; H]Ail G with r; € Z, p;j € Zso, and with {Gj}j]\il C Z[T] being pairwise coprime
primitive irreducibles, such that each G; appears with a positive exponent f; ; in some F;. With

L

E, denoting the M x K integer matrix ((Mi,j)lgigK) ,let 8= B(F1,...,Fk) € Z" be the
1<5M

largest invariant factor of Fy. (Since {F;}; are multiplicatively independent, the columns of FEy

are Q-linearly independent, so ( is the last diagonal entry in the Smith Normal Form of Ej.)

Fix any By > 0. We say that ¢ satisfies Hypothesis IFH (F}, ..., Fi; By) if all its prime divisors

¢ exceeding By satisfy ged(¢ — 1,8) = 1. Note that if [[\, F; is separable (as was assumed in
previous works [27, 29]) then 3 = 1, so that any ¢ satisfies [FH(F},. .., F; By) for any By > 0.

Theorem 1.2. Fix any Ko, By > 0 and € € (0,1), and assume that Fi, ..., Fx are multiplicatively
independent. Then (fi, ..., fx) are WUD mod q < (log z)X° lying in Q(f1,..., fx) and satisfying
IFH(F,..., Fk;By), provided at least one of the following two conditions holds:

(i) ¢ < (log x)(lfe)a(q)(Kfl/Dmm)’I, where Dy, = min{deg F; : 1 < i < K}, or

(ii) q is squarefree and qK_lDIU:I(inl) < (log x)1=9)@),
3In this paper, bold is used only for emphasis (for ease of reference), not as part of the notation itself.
4This hypothesis is easily satisfied in almost all applications: For instance, it is satisfied if Hfil F; is separable,
or (more generally), if each F; has an irreducible factor that is not present in the other Fj (for j # 7).
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The conditions in (i) and (ii) are ignored if K = Dy, = 1 (i.e. a single multiplicative function
controlled by a linear polynomial at the primes), so in this case, we have uniformity up to (log x)%°
for any fixed Kj. Some applications of Theorem 1.2: (n) is WUD mod ¢ < (log z)%° coprime to
6 (extending Narkiewicz [21, Corollary 2]). o(n) is WUD mod odd ¢ < (log z)%° (extending Sliwa
[37]). Moreover, (¢, ) are (jointly) WUD uniformly mod ¢ < (log 2)(!=90(@ coprime to 6, where
a0(q) = [Lsjg prime (€ —3)/(¢ — 1) (extending [22, Theorem 1] for a single modulus).

In section 6, we show that for any K and D, (except K = Dy, = 1), both ranges in (i) and (ii)
are essentially optimal, in that “1 — ¢’ cannot be replaced by “1 4 €¢” in either. In fact, if K > 1
and Dy, = 1, then this optimality holds in a much stronger sense: The ranges in (i) and (ii) are
optimal no matter how many of the F; we assume to be linear and even if we take all the F; to
be essentially arbitrary linear polynomials. As a consequence, the range ¢ < (log 2)(!=920(9) above
is optimal even for the particular example of (¢, ). Moreover, the multiplicative independence
hypothesis and hypothesis IFH(F},..., Fk; By) are also both necessary in Theorem 1.2 and in
Theorem 1.3 below: We shall establish this in the sequel [36].

As our constructions in section 6 show, obstructions to uniformity come from prime inputs. We
can modify those constructions to produce more obstructions coming from inputs n that have too
few large prime factors. Hence to restore uniformity in the full Siegel-Walfisz range, we need to
restrict our n to those with sufficiently many large prime factors. Let Pgr(mn) denote the R-th
largest prime factor of n counted with multiplicity (with the convention Pg(n) :=1if Q(n) < R).

Theorem 1.3. Fix Ky, By > 0 and assume that FY, ..., Fx are multiplicatively independent. Then

1 1
(1.2) Z 1 ~ AL Z 1 ~ G Z 1 asz — oo,

n<z: Pr(n)>q n<z: Pr(n)>q n<z

(i) fi(n)=a; (mod q) (I1; fi(n).9)=1 (I1; fi(n),a)=1
uniformly in q < (logx)%° lying in Q(fi,..., fx) and satisfying IFH(Fy,. .., Fx; By), as well as
uniformly in coprime residues aq,...,ax modulo q. Here
KD+ 1, in general, where D := Zfil deg F;,
R = (2K +1, if q 1s squarefree,
2, if ¢ squarefree, K =1, Fy is not squarefull (i.e. Fy has a simple root in C).

As an application, (p, o) are WUD uniformly modulo ¢ < (log )% coprime to 6 if we restrict to
inputs n with Ps(n) > ¢q. (Without this restriction, we only have the aforementioned optimal range
q < (logz)(1=920(@) ) Another application: By Narkiewicz [22, 23], (¢, 0, 02) are WUD modulo any
fixed ¢ having P~(q) > 23. By Theorem 1.2, this weak equidistribution holds uniformly modulo
any such g < (log x)1/279¢ where ¢, = [ =1 moa 2y (0=3)/(6=1)T1yy. =1 (moa 4 (£=5)/(£=1).
Uniformity is restored modulo all ¢ < (logz)X° satisfying P~(q) > 23, provided we restrict to n
having Py3(n) > q. This last restriction can be weakened to P;(n) > ¢, if ¢ is also squarefree.

The smaller the value of R in (1.2), the larger our set wherein equidistribution occurs, and the
better our result. In section 6, we show that the third value of R is optimal, while for any K,
the second value is at most “one step away” from being optimal (in that it cannot be reduced to
2K —1). Note that even the K = 1 special case of Theorem 1.3 improves over [29, Theorem 1.4].

One important theme in our arguments is a “mizing” phenomenon originally observed in [29]:
Intuitively, given G € Z[T] and ¢ supported on large primes, if we choose uniformly at random,
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units uy, ug, . .. mod ¢ such that each G(u;) is a unit mod ¢, then in the sequence of partial products
{G(u1)...G(uy)}5,, every unit mod ¢ appears equally often. Here we detect and generalize this
“mixing” via more refined arguments from sieve theory and from the anatomy of integers.

However, we also need several new ideas. First, we require two inputs from classical analytic
number theory: One from Haldsz’s Theorem (which requires us to carefully estimate certain “pre-
tentious distances”®), and another from modifying the Landau-Selberg-Delange “LSD” method.
(Known forms of the LSD method or other mean value results are not sufficient to get the desired
uniformity in ¢.) Further, we need machinery from character sums (extensions of Weil bounds),
linear algebra over rings (via Smith normal forms) as well as algebraic and arithmetic geometry
(by constructing regular sequences and counting rational points on varieties over finite fields).

1.2. Beyond the polynomially—defined regime. The aforementioned “mixing” (suitably ex-
tended) can be used to study the joint weak equidistribution of multiplicative functions hy, ..., hg :
7" — Z assuming only a natural control on the average behavior of the h; at the primes. Owing
to this generality, we expect the following results to have applications beyond the “polynomially—
defined” regime, such as for Ramanujan’s 7-function and Fourier coefficients of modular forms.

We assume that for some (large) threshold parameter y and for all Dirichlet characters (x1,. .., Xx)

mod ¢, we have an estimate of the form Zy<pgy IL xi(hi(®) = rrse) Zy<p§y I L xo(hi(p))
for all Y > y, where oy,,..yx) € C depends only on (x1,...,Xxx), and where xq is the trivial
character mod ¢. Assuming this with an essentially arbitrary error term, we bound the extent to
which (hy, ..., hg) fails to be weakly equidistributed mod ¢. Our first result shows that for any
J € Z* for which the J-th moment Y7 [a(y..xx)|” is small enough, (hy, ..., hg) are WUD
mod ¢, upon restricting to inputs n with J many large prime factors (exceeding the threshold y).

In what follows, we let X = (X1,-...,Xx) and let f(x) denote the lcm of the conductors of ;.
We write h := (h1y...,hKk), h := hy---hg, and X(h(n)) = x1(hi1(n)) - - - xx (hx(n)).

Theorem 1.4. Let hy,...,hxg : Z* — 7Z be multiplicative functions. Consider any q € Z7,
M > 1,y >q, and a decreasing function £ : R™ — R, such that for all X mod q and allY >y,

(1.3) ST X)) = ag D xolh(p) + O(MYE(y)),

y<p<Y y<p<Y
with ag € C in the unit disk. Then for all d dividing q, all x >y and all J € Z*, we have

(1.4) > 1 — (@)K > 1

n<az: Pj(n)>y ) n<z: Py(n)>y, (h(n),q)=1

(V%) hi(n)=a; (mod q) (Vi) hi(n)=a; (mod d)
1 Jx
< = Z lag]” Z 1 + — + Maz&(y)logu.
QO(Q) X mod ¢ n<lz Yy

f(x) 1 d (h(n),q)=1
The implied constant here depends only on the implied constant in (1.3).

-~

Note that (1.3) is in general weaker than a hypothesis of the form “Y° _ _y X(h(p)) = Bz >_, <y 1+
O(MYE(y))”. As the proof will reveal, (1.4) just uses (1.3) for all ¥ mod ¢ with f(X) t d. Taking
J = d = 1 directly bounds the failure of weak equidistribution. However, to make the right side

%in the terminology of Granville and Soundararajan [14]
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of (1.4) negligible in applications (including in the polynomially—defined cases), we often need to
select a parameter J — 0o. We thus see what happens if we include the inputs n having P;(n) < y.

Our estimate will be in terms of a parameter “£;(g; z)” that controls the (suitably normalized)
count of large prime solutions to the congruences h;(p) = a; (mod ¢). Given any h; : Z+ — Z,
and ¢,r € ZT and 2z > 0, let &,.(q; 2) = &.(q; 2; {h:}£,) > 0 be any parameter satisfying

(K)
#{P,---P. <z:Pprimes, P>z g<P.<---<P, (Vi) hi(P)---h;y(P.) = a; (mod q)}

< &(6:2) - a(logloga)” /log(=/q)

for all # > 2 and all units ay,...,ax mod ¢q. Thus, &.(q;z) controls the number of squarefree
integers A < x with exactly r prime factors (all suitably large), that satisfy h;(A) = a; (mod q)
for all i. In particular, & (q;2) controls the number of primes P € (z,z) satisfying h;(P) = a;
(mod q) for all i. Note that this is genuinely a definition, not a hypothesis, for the choice &,.(q; z) = 1
always satisfies (K.) by Chebyshev’s estimates, for all possible {h;};, ¢, and z.

Let W(z, z) be the number of z-smooth numbers up to z, a well-studied quantity.

Proposition 1.5. Fix K € Z". Uniformly in all multiplicative functions hy, ..., hix : ZT — Z,
i all real numbers x > z > 0, and in all positive integers J, we have

> 1<&@ﬁ“mmwmw% > g+wm@+

n<z: Py(n)<y IOg(Z/Q) p<y p
(Vi) hi(n)=a; (mod q) (h(p), 9)=1

< |8

The implied constant depends only on K. More generally, for any R < J, if we also impose the

condition Pr(n) > q on the left, then the same bound holds, but only with & (q; z) replaced by

Er(q; 2) + RE S 1<rer &(q; 2) /@8 8==5} " and with the implied constant depending only on K.
1<s<K

Combining Theorem 1.4 with Proposition 1.5, we get the following flexible result, which removes
the restriction Py(n) >y in Theorem 1.4 while giving us the freedom to choose J and z.

Theorem 1.6. Assume the hypotheses of Theorem 1.4. For all d dividing q, all x,z > 0, and all
J,R € Z" satisfyingy < z <x and J > R, we have

(1.5) > 1 — (M)K _ > 1

n<z: Pr(n)>q QO((]) (h(n), 9)=1
(V%) hi(n)=a; (mod q) (Vi) hi(n)=a; (mod d)
Jx
7 Z lag]” Z I 4+ ¥(z,2) + — + Mz&(y)loge
X mod ¢ n<z Y
6% )m (h(n),9)=1
D\ X (g 2 x(2log log z)R#+7 1
; {(_@g g) retge et 3 SHEA e, (52 1)
Ple 1<r<R s\#/4 Py b
1<s<K (h(p), 9)=1

The implied constant here depends only on K and on the implied constant in (1.3).
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The flexibility in choosing the parameters d, vy, z, J, R (especially the fact that z and J now appear
only on the right of (1.5)) are all useful in applications: For instance, by taking d = R = 1 and
a large J, we can make the right side negligible while including all inputs n on the left. The
strength of Theorem 1.6 basically depends on the bounds available on ;) |agl”, and on
&-(q; z) for r € [R]. As discussed in Remark 2, Theorems 1.4 and 1.6 can be extended by replacing
the condition “f(X) t d” by the more general “x ¢ S”, where S is an arbitrary subset of the set of
K-tuples of characters mod ¢; the corresponding variant of (1.5) would be uniform in S.

Finally, we mention the following estimate, which forms a key input in the proofs of Theorems 1.2
and 1.3, and may also be of independent interest or have applications to other problems.

Proposition 1.7. Under the hypotheses of Theorem 1.4, we have for any X mod q,

T x 1 1
> “X(h(n)) < 7 exp< > = egl Y -+ O(M(logx)sf‘?(y)))
ogxT P P
nsx p<y y<p<z

(h(p),9)=1 (h(p),q)=1

The implied constant depends only on the implied constant in (1.3).

To conclude the introduction, we remark that Narkiewicz’s general weak equidistribution criteria
in [21, 23] are much more general than Theorem 1.1: They allow the possibility that the behavior
of our f; at the v-th powers of primes is most significant (in a certain sense), for some fixed
v € Z*; this also allows the possibility that our input sets are sparse. However, all the results
and methods from all previous work on varying moduli are unable to handle any v > 1. Adapting
our methods for Theorems 1.2 and 1.3 with further additional arguments, we obtain (in section
7) optimal uniform results in this greater generality, along with several new applications. We also
give extensions of Theorems 1.4 and 1.6 that apply for certain sparse input sets.

In sections 2 to 5, we will first prove the results in subsection § 1.2, and then deduce those in § 1.1
with additional arguments. In a future paper, we shall study the joint weak equidistribution of a
family of multiplicative functions (fi, ..., fx) to moduli (¢, ..., qx), defined appropriately.

Notation and Conventions. We do not consider the zero function as multiplicative (thus,
f(1) =1 for any multiplicative function f). By P(n) and P~ (n), we mean the largest and least
prime factors of n respectively (with P(1) :== 1, P=(1) := o). Further, Pr(n) denotes the R-th
largest prime factor of n listed with multiplicity (with the convention Pg(n) =1 if Q(n) < R).

Given z > 0, we say that n € Z" is z-smooth (respectively, z-rough) if P(n) < z (resp. P~ (n) > z).
By the z-smooth part (resp. z-rough part) of n, we shall mean the largest z-smooth (resp. z-rough)
positive integer dividing n. When there is no danger of confusion, we shall write (ay,...,ax) in
place of ged(ay, .. .,ax). Throughout, we use p and ¢ to denote primes.

Implied constants in < and O-notation, and implicit constants in qualifiers like “sufficiently large”
may depend on any parameters declared as “fixed”. Other dependence will be noted explicitly
(with, say, parentheses or subscripts). log, denotes the k-th iterate of the natural logarithm.

2. THE GENERAL MIXING PHENOMENON: PROOF OF THEOREMS 1.4-1.6

Proof of Theorem 1.4. Recall that X := (Xx1,...XK), F(X) is the lem of the conductors of x;,
h:= (hi,...,hk), h:=hy---hg, and X(h(n)) = x1(h1(n)) - - - xx (hx(n)). We say that
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n < z is “convenient” (abbreviated as “conv”) if the J largest prime divisors of n exceed y and
are distinct. Thus any convenient n can be uniquely written as mPy - -- Py, where

(2.1) L, =max{y, P(m)} < P; <--- < P,.

Now, the number of n < x having a repeated prime factor exceeding y is at most Zp> ’ dom <21 K
x/y, which is absorbed in the right of (1.5). Hence, to complete the proof of Theorem 1.6, it suffices
to show (1.4) with the condition “Pj;(n) > y” replaced by the condition that n is convenient.

By the orthogonality of Dirichlet characters, we detect the congruences h;(n) = a; (mod q).

(2.2) S 1= Y ne) @) Y wGm).

o(q)K

n<x conv
(Vi) hi(n)=a; (mod q)

X mod ¢ n<x conv

For any X mod ¢ for which f(X) | d, there exists a unique tuple of characters V= (1, .., VK)
mod d such that x; = xot; for all . Thus the total of contribution of all such Y in (2.2) equals

LS S — (2D
23w X )ik X G0 -(49) X1

_ »(q)
mo n<z conv n<z conv: (h(n),q)=1
¥ mod d (h(n),q)=1 (Vi) hi(n)=a; (mgd d)

Now consider any ¥ mod ¢. Splitting any convenient n uniquely as mPj --- P; above, we obtain

(2.4) S RGe) = RGeS KGR RBE),

n<z conv m<zx Pi,....,P;>Lp,
Py,...,P; distinct
Pp--Py<z/m
where we have have replaced the ordering on P, ..., P; by the weaker condition “Py, ..., P; distinct”

at the cost of J!. For each i € [J], we see that

(2.5) > X(h(F))
P;<z/mP1---P;_1P;y1--Pj
Pi> L, 1#i — PP,

- Mz&(y)
= ag Z Xo(h(F;)) + O(J+mP1-~Pi1Pi+1“‘PJ)7

Pi<a/mPy+P;_1Pit1--P;
Pi> L, 1#i —> PP,

where we have used (1.3), and removed and restored the “#” condition with error O(.J). The total
O-term in (2.5) summed over all m and all the other P, in (2.4) is < z/y+J ' Ma&(y) 3, <,/ 1/n

< xfy + J'MzE(y)logx. (Here we used the (J — 1)! from (2.4) to restore the ordering on
Py,...,P_1,Py1,...,P;, and then noted that n = mP,---P,_1Piy1---P; < z/y.) Using this

observation along with (2.5) for each i = 1,...,J successively, we get from (2.4),
(2.6)
o~ o~ Jz
S 50 = (e LREm) Y (R r) + 0 (2 amsgons )
n<x conv m<z Py,..,Py y
Lin<Pj<---<P1
Py---Pj<z/m

The first sum on the right side is < |ag|’#{n < z conv : (h(n), ¢) = 1}. Using this for all
character tuples X mod ¢ for which f(X) t d, we obtain Theorem 1.4. O
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Proof of Proposition 1.5. Now consider any multiplicative functions hq,...,hx : Z+ — Z. The
first assertion of Proposition 1.5 is a special case of the second, hence it suffices to show the claimed
bound on the number of n < x satisfying Pr(n) > q, Py(n) <y, and h;(n) = a; (mod q) for all 7.
Proceeding as in the sentence following (2.1), we see that up to an error of O(V(x, z) + z/y), we
may also assume that P(n) > z and that n has no repeated prime factor exceeding y.

Hence, let Zng denote a sum over n < x with no repeated prime factor exceeding y, that satisfy

Pr(n) > q, Py(n) <y, P(n) > z, and h;(n) = a; (mod q) for all i. Let E,; be the number of n
counted in Y7 1 with #{p > q:p | n} =rand #{p > ¢:p*|[n} = s. Then

(2.7) )OI S-S SN IR WS U S o

n<z n<z 1<r<R

#{p>q: pn}>R #{p>q: pPIn}>K 1<s<K
To bound E, g, note that any n counted in it can be decomposed as mpf* - - - pS A, where P(m) < g,
all p; > ¢ are primes, all ¢; > 2, where A is squarefree and g-rough with Q(A) = r, and where
the factors are all pairwise coprime. Then (h(m),q) = 1, hy(4) = a;h;(mpS* -+ pS)~! mod ¢
for all 4, and ¢; + -+ +¢; > R —1r (as Pgr(n) > ¢q). By (K,), the number of possible A is
< & (g; 2)z(logy )" /mpft - - - pSrlog(z/q). Next, > . pamy<q 1/m < exp(3 <, Linw),q=1/P), and

(h(m),q)=1

Zm,m,psm py o pr% < gt tes=s) The sum of ¢~ (1 +e73) gver all possible (cy, ..., c,) can

b b d d 3 t O t h h d 't 3 S j ¢ N C S d t h t h

E,, < R¥ & (q; 2) z(log, z)" exp (Z ]l<h<p),q>1>’

qmax{s,Rfrfs} ’ IOg(Z/Q) P

p<q

The other two sums on the right of (2.7) are bounded analogously: For example, to bound the
second sum, we start by writing n = mp7* - - - p&* P (with P;(m) <y, P > z, and all p; > ¢, ¢; > 2)
and bounding the count of P by Chebyshev’s estimates. This establishes Proposition 1.5. 0

Proof of Theorem 1.6. Since R < J and y > ¢, the condition P;(n) > y appearing in (1.4) is
stronger than the condition Pg(n) > ¢ appearing in (1.5). Hence to deduce Theorem 1.6 from
Theorem 1.4 and Proposition 1.5, it only remains to show that

z(2log, )’ L), =1
(2.8) Z 1 < I exp Z E— + Y(z,2) +
n<z: Py(n)<y p<y
(h(n),9)=1
Up to an error of O(V¥(zx, z) +x/z), we may also assume that P(n) > z and that n has no repeated
prime factor exceeding z. Write any such n as n = BAP, where P(B) < y < P~ (A), and
= P(n) € (z,z/AB]. Then B, A, P are pairwise coprime and Q(A) < J (since P;(n) < y).
By Chebyshev’s estimates, the number of P is < z/ABlogz. Moreover, > ., ga<; 1/4 <
(143 ,<, 1/p)” < (2logyx)’, while Z?:(P)(ng; /B < ley, (14251 Lo, q=1/p") <
h(B),q)=1
exp(X_ <, Lnw),0=1/p). Collecting all the estimates in this paragraph yields (2.8). O

< |8

Remark. Given an arbitrary subset S of the set of K-tuples of characters mod ¢, applying (2.6)
and its ensuing observation for Y € S, we see that the more general version of Theorem 1.6 holds
with the condition “f(X) 1 d” on the right of (1.5) replaced by “Y ¢ S&”, and with the second term
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on the left replaced by ¢(q) ™" > ocs Xi(a1) -+ X (ax) Do, <, )?(ﬁ(n)) This more general estimate
doesn’t involve d and is uniform in all S. (The analogous comment holds for Theorem 1.4 as well.)

3. A GENERAL CHARACTER SuM BouND: PROOF OF PROPOSITION 1.7

Consider any X mod ¢. By Haldsz’s Theorem (as stated in [38, Corollary I11.4.12]), we have

—L<t<L

(3.1) 3 R0in) < % + zexp (— min Dz, t))

n<z

uniformly in x, L > 2, where by Mertens’ Theorem,

Z X 1+1t

y<p<lz

g + 0(1).

(3.2) D(l’,t) — Z l—Re(y(ﬁ(p))p_it) > log,z — Z 219 .

p<z
(h(p) )

Set L := log x, and cover the interval (y,z] with disjoint “multiplicatively narrow” subintervals

of the form I, := (n,m(1 + 1/ log?® z)], such that the rightmost of these juts out slightly past

z but not past 2(1 + 1/log*z). Note that Y rep<a(itt/log?ay /P < 1/log® x, and that for any
€ I,, we have p = n(1 + O(1/log® r)) so that p~ (1% = =0+ (1 + O(1/logx)) uniformly in
€ [-L, L]. Combining these and noting that Zn D per, 1N <3200, 1/p < log, x, we get

(3.3) Z 0 mt Z nitit Z <lloogg2;) '

y<p<w pely

Using (1.3) to estimate Zpeln )?(ﬁ(p)) and noting that there are O(log® x) many I,’s, we obtain

X log,
> e~ X vl +0 (T2 Mgy loga)* )

y<p<lx peEly

By the two observations before (3.3), we replace the entire main term by ag -, _ . xo(h(p))/p'*"
(upto an error < log, z/logz). Inserting the resulting estimate into (3.2), we obtain

1 1
(34 Dt > logr— S~ —jad 3 T+ 001+ ME()(loga)).
P<y p y<p<z
(h(p), 9)=1 (h(p), 9)=1
Finally, inserting this bound into (3.1) completes the proof of Proposition 1.7. O

4. SETTING THE STAGE FOR THEOREMS 1.2 AND 1.3:
CHARACTER SUMS, MODULE THEORY AND A LITTLE ARITHMETIC GEOMETRY

We remind the reader of the set-up in Theorems 1.2 and 1.3, which we will be assuming throughout
until section 6: fi,..., fx : ZT — Z are multiplicative functions and Fi, ..., Fx € Z[T)] satisfy

fi(p) = F;(p) for all primes p and all i. We define f := Hz_ fi and F = H@— F;. We assume

that (F;)X, are multiplicatively independent, hence the matrix Eg = ((u”) 1<i<K has rank
1<j<M

K (< M). Tts Smith normal form is diag(fy, ..., Sx) where 3; € Z* and §; | §;11 for all i. Recall
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that 8 = B(Fy,..., Fx) = Bk. Further, we are assuming that a(q) = ﬁ#{u eU,: F(u) €
U,} # 0. By the Chinese Remainder Theorem and Mertens’ Theorem, it is easy to see that

K
(4.1) a(q) > (log,(3q)) ™" uniformly in ¢ > 1, where D = deg F = Z deg F;.
i=1
In what follows, for an odd prime power (¢, let 1yc denote a character mod ¢¢ which generates the

character group of Up. We will need two bounds on character sums. The first is a version of the
Weil bounds, a special case of [39, Corollary 2.3] (see also [7], [40] and [32] for older results).

Proposition 4.1. Let { be a prime. Consider H € Z[T] not of the form c¢ - G*™1 in F,[T]. Then
13 q e Le(H(w)| < (r — 1)V/C where 1 is the degree of the largest squarefree divisor of H.

The second is an extension of this to higher prime powers, which comes from Theorems 1.2 and
7.1 and eqn. (1.15) in work of Cochrane [5] (see [6] for related results).

Proposition 4.2. Let ¢ be a prime, H € Z[T] nonconstant with ord,(H) = 0. Define t =
ordg(H'), Cyg = 0""H'" and M = max{multy(Cy) : 0 € Fy, H(0) # 0}. Let e >t + 2 be an integer.

(i) If € > 2, then ‘Zu mod £¢ @/Jge(H(u))’ < | 3 multy(Cy) | ¢/M+D) ge=1/(M+1))
He(%iio

(i) Assume that e >t + 3 and let ¢ be the character mod 2¢ defined by 1(5) = exp(2mi/2¢7%)
and ¥(—1) :=1. Then ’Z ¢(H(u))‘ < (12.5)2¢/(M+1) 9e(1=1/(M+1)),

u mod 2¢

The condition “ord,(H) = 0" guarantees that ¢ is finite. Further, Cy is being viewed as a nonzero
element of IFy[T], and M is the maximum multiplicity of a zero of Cy (in F,) that is not a zero of
H. To use these bounds, we need the following crucial inputs from linear algebra over rings.

Lemma 4.3. There exists a constant C':= C(Fy, ..., Fx) > 0 satisfying all the following:

(1) For any prime £ > C satisfying ({ — 1,8) = 1, the only tuple (Ay,..., Ax) € [{ — 1] for
which T[], F* is of the form ¢ - G*™" in Fy[T] is (A1, ..., Ag) = (£ —1,...,0—1).
(2) Consider any integer v > 2, prime £, and (Ay, ..., Ax) € (ZT)X with (1 (Ay, ..., Ak). Let

T = ordg((T‘P(m 1=, E(T)Ai)’) and F =S5 A, F/ T] F;. Then
JF

=ordy(F) < C, if ¢ <C, ordy(F) =0, andr > C+2.

In both cases above, for any 0 € F, for which 0F(0) # 0, the multiplicity of 6 in the
polynomials (=™ F and (=7 (T*"") Hf; Fy(T)4) are equal.

{:Ol"dg<ﬁ)20, if ¢ >Cir>2

Proof. Writing F/ [, I} = S, T in Z[T) for each i € [K], let B € Z* denote the

T ~
largest invariant factor of the matrix My = ((Ci’r)lgig K) . Fix C exceeding 2, 3, the product
0<r<D
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Hj]vil |disc(Gj)| * ITi<jejr<nr IRes(Gys Gjr)| (> 0), and (the sizes of) the leading coefficients of
all F; and G;. (Recall that {G;}]Z, are pairwise coprime primitive irreducibles and F; = H;j\; cal
as in § 1.1.) We show that any such C satisfies all the assertions in this proposition. Note that
for all £ > C', the polynomial H]Ail G, is separable over Iy, i.e. squarefree in F,[T].

Proof of (1). Consider any prime ¢ > C and any (A, ..., Ax) € [{—1]¥ satisfying ((—1,8) =1
and Hfil FiAi = c¢- G for some ¢ € Uy and G € Fy[T]. Since F; = r; H]Ail G;”’j, we have
c-Gl=p H]Ai1 sz":l” % for some p € U,. Factoring out all leading coefficients and comparing

exponents, we get S 1, ;A; = 0 (mod £ — 1) for all j. (Here we used the last sentence of the
previous paragraph.) This gives the matrix congruence Ey(A; ... Axg)T =0 (mod ¢ — 1).

Now considering invertible integer matrices Fy, Ry for which PyEyRy is the Smith normal form
diag(f1, . . ., Bk ), the last congruence above yields diag(fi, ..., Bx )Ry (A1 ... Ag)T =0 (mod £ —
1). Since (¢ —1,8k) = 1, we have (¢ — 1,5, ---8k) = 1, so that the last congruence forces
RyY(A.. . Ag)T=0 (mod £ —1) = (A;...Ag)T=0 (mod ¢ —1). Hence each 4; = ¢ — 1.

Proof of (2). Since ([[, F"') = 3K b,F! [1,. Fj for any (b;)[L, € Z*, the multiplicative

K
independence of the (F;)X, forces the polynomials (FZ’ [LzF ]-) to be Q-linearly independent.
i=1

.
Hence the D x K matrix M, = ((cw)lgz-g() defined above has rank K, its Smith Normal Form

0<r<D
has K positive diagonal entries, and its largest invariant factor (8 is the last diagonal entry.

Now with d := ord(F), since ¢* divides all the coefficients of F(T) = S5 A, F/(T) [1 F5(T) =
SR e AT it follows that My(Ay ... Ag)T = 0 (mod ¢?). An argument analogous to
that given for subpart (1) shows that if ¢?{ 3, then ¢ | (A4, ..., Ax), a contradiction. Thus ¢? | 3,

forcing ordy(F) = d < vy(f) < Iy<c - C. All assertions in subpart (2) now follow easily from the
/ ~
fact that (T#) T[S, F(T)A) = ()T I F(T)A 4+ T2 ([T, RTAY) F(T). O

Let ag = (a(9)¢(9) ™ Luev, X(F (1)) = (2(0)¢(9) ™ X moa g Xo(w) [Ty xa(Fi(w)).
With By and D = Zf; deg F; in Theorems 1.2 and 1.3, and with C' as in the proof of Lemma 4.3,

(4.2)  Fix Co > max{By, C, (32D)*P*2} and fix an integer x > 100D (DC2)*“°.

Let Qg be the largest Cy-smooth (k + 1)-free divisor of ¢, i.e. Qg = Hegco groin{ve(@)or}t 7

Proposition 4.4. Fiz any ¢ > 0.
(1) We have Y. |ag|N¥ = o(1) as N — oo, uniformly in all q. Moreover, uniformly in all q,

X mod ¢
f(X) 1 Qo

(4.3) S sV <

X mod g

exp(O((log q)'='/P)),  for each fivred N > KD + 1.
qi—N/D+e for each fired N < KD.
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(2) The bound (K,.) holds, where uniformly in all ¢ € Z* and z € (g, x], we have
©0(q) K exp(O((log q)'='/P)),  for each fized r > KD + 1.
(4.4) &g 2) <  q/PTE, for each fixzed r < KD.

.

(3) The bound (K,) holds, where uniformly in all squarefree q and z € (q, x|, we have
'cp(q)_K exp(O(v/1ogq)), for each fixed r > 2K + 1.

(4.5) (¢:2) q e, for each fized r < 2K.
4.5 &g 2) <
D9 o(g) Y, ifr=1.

o(q) texp(O(Vlogq)), ifr=2, K =1, and Fy is not squarefull.

Proof. We give the argument for D > 1; the case D = 1 (i.e. when K = 1 and F} is linear) is much
simpler. Define wsg,(m) = #{{ | m:{ > Cy} and w(m) = #{l | m: ¢ < Cy, ve(m) > K+ 1}.
We claim that for any tuple ¥ = (x1,. .., xx) of Dirichlet characters mod ¢, we have

(4.6) lag| < (choﬂ)@(f(?)) . (4D)w>c0(f(>?)) .f(@—l/D‘
To show this, we start by writing each y; = HFH 4 Xi,e for some character x;, mod (¢. Then

with age == (a(€)@(£)) ™' >, mod e Xo,e(w) Hfil Xi,e(Fi(u)), we have ag = Héellq age by
the Chinese Remainder Theorem. (Here o, is the trivial character mod £.) To bound each oy,
let 7¢ := vo(F(X)) so that £7¢ = lem[f(x1,e)s - - -5 F(XK,e)]- Let ;0 denote the character mod £
inducing x; ¢, so that at least one of (¢1¢,...,%K,) is a primitive character mod (™. It

is easy to see that age = (@(0)@(C) ™ 22, oa e X0.(w) T Yie(Fi(w)).

We first consider the case £ > 2. With ¢, being a character generating the character group mod
(7, note that each ;o = 1y for some A; € [@(£7)]. Since some t); , is primitive mod £,

0 (mod ¢—1), ifr,=1
Ay, A
(A K)i{o (mod £), if 7y > 1.

Writing age = (a(€)p(07) ™ >, noq e Ve (u“”(m) I, Fi(u)Ai>, we claim that

(4D) - ¢~/ D if ¢ > C,y
(4.7) |O‘>?7€| < Co+1 —0(f(R))/D . ~
(DCy° ™) - v OB it 2 < 0 < Cy, ve(f(X)) > k+ 1.
When ¢ > Cy and r, = 1, we apply Proposition 4.1 and Lemma 4.3(1), recalling that the prime
divisors ¢ > Cy > By satisfy ged(¢ — 1, 8) = 1 by hypothesis IFH(F}, ..., Fx; By). In all other
cases, we apply Proposition 4.2(i) on the polynomial H(T) = T¥) [, F;(T)%, noting that
Lemma 4.3(2) gives both ord,(H’') < r, — 2 and > multy(Cy) < D — 1. Now (4.7)
0EF,: H(0)£0
follows upon noting that since a(f) # 0, we have a({) =1 — #{u € Uy : Fi(u) - Fx(u) =0

(mod £)} > 1 — %, which gives a(¢) > 1/2 for ¢ > Cj, and a(f) > 1/Cy for £ < C,.

Now consider the case £ = 2. Hence we are assuming that 2 | ¢ (which forces «(2) = 1), and that
ro = v3(f(X)) > Kk + 1. The character group mod 2" is generated by the characters 1,7 mod 2"
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defined by 1(5) = exp(2mi/2"272), (—1) = 1, n(5) = 1 and n(—1) = —1. Since at least one of the
characters (1;2)K , is primitive mod 272, we can write each 1; 5 = ¥4inP where A; € [227%], B; €

2}, and 2{ (A1, Ax). Then aga = (2) 7 Y, oo ¥ (I @) ) 0 (w IS, Fiw)™).
Defining g, (7T') = Hfil F,(4T + )\)Ai for A = £1, and noting that 1 has conductor 4, we write

g X o(IIA07 )4 5 vlo

A==+1 i=1 vmod 272

If n <Hfi1 Fi(A)Bi> #0, then [, F;(4T + ) = [[~, F;(\) =1 (mod 2), which means that

(4.8)  ton =orda(gy) =2+ ordy(F(AT + \)) < 2D 4 ordy(F) < 2D+ Cy < ki — 3 < 1y — 3.

Here the second inequality uses Lemma 4.3(2) (with F' = SR AFET] iz Iy as defined there),
and the first inequality uses the general fact that ords(W (47 + X)) < orde(W) + 2deg(W) for
any W € Z[T]. (This follows from a straightforward divisibility argument.) The identity g} (7)
— 4F (4T + N TIE, Fi(4T + XA gives multy (27722 g4 ) = multy(2- 222D F(4T 4 A)) < D — 1 for
any 0 € Fy for which F(0) # 0. An application of Proposition 4.2(ii) and (4.8) now yields

Jagal < (DCEPH) - 27200/P if 2| g and wy(f(R)) 2 5+ 1.

Combining this with (4.7) in the factorization |ag| = [],e, || establishes our claim (4.6).

lla

Proof of (1). Since #{x mod ¢ : f(¥) | m} < m™, (4.6) yields for any fixed N,

S JaglV < (pogey BRI appviea 3L
Xl = 0 mN/D—K N (v(N/D=K) |’

X mod ¢ mlq Le||q 1<v<e

where we have noted that w~¢, is an additive function. If N > KD + 1, the product above is <
exp(O(X 2y, 077)) < exp(O(X g € 7)) < exp(O((log ¢)'~'/P)). If N < KD, the same prod-

IN=kD
et is < [y, (2(4D)Velv=reelND) < (T, e) "2 exp(O(w(g)) <. g</P+e.
To finish subpart (1), it thus only remains to show its very first assertion. As N — oo, (4.6) gives
(4.9)
(DCOCO+1)NU~J(m) . (4D)Nw>00(m) (DCOCOJrl)NUJ(m) . (4D)Nw>co(m)
D el < <> .

mN/D-K mN/2D
)?Amod q m|q m|q
f(X) 1 Qo m { Qo m { Qo

Since @) is defined to be the largest Cy-smooth (k + 1)-free divisor of ¢, any m counted above
either: (i) has P(m) > Cy or (ii) has P(m) < Cy but is not (k + 1)-free. Let F; denote the
contribution of all m of type (i) to the rlghtmost sum in (4.9), and E, be that of type (ii). Then

( COCo—i-l)Nw(M) . (4D)Nw>co(M)
(4.10) E, < Z N/QD N[N/2D :

>C) M|q

Now Ze>co (4D)N€_N/2D = (4D)N Ze>co (NP NP < (4DC(;1/4D)N Ee>co 0= o(1) as
N — o0. Since w and ws¢, are additive functions, the second sum in (4.10) is at most

H (1+ Z ¢g~vN/2D C«Co+1 Zé—vaD) . H <1+(4D)NZE—UN/2D>

Llg : £<Co 1<v<k V>R lq : £>Cy v>1
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<exp (Z Ze 5’U CCO+12 H/4D Z Zﬁ&)) - exp ( 4DC 1/4D Z Zg 5v> < 1,

(<Cp v<kK L<Ch v>0 >Co v>1
where we have recalled (4.2). Collecting all these estimates gives E; = o(1) as N — oo.

On the other hand any m counted in Fs is Cy-smooth but not (k + 1)-free. Any such m can be
written as m = Am’ where A > 1 is (k + 1)-full and m’ is (k + 1)-free. Then m’ <¢, . 1, giving

1
B, <« (DC'OCOH)NCO Z ANj2D < (DCOCOH)NCO H <1+ Z vN/2D> -1

Alg : P(A)<Cy £°|lq k+1<v<e
A>1is (k+1)-full 1<Co

N
As N — oo, this is < (DCSOTHNCfexp(O(277N/2P)) — 1} < <(DCOC°+1)002_"“/2D) < 507N =
o(1). Inserting this and the conclusion on F; into (4.9), we get the first assertion of subpart (1).

Proof of (2). Fix any r € Z* and consider any z € (q,z]. We may write

> s ¥ > 0y o

P,...,P.: P-P<z (v1,...,0r)EVy K (q;Q) q<Pr<---<Py<zx q<P1<z/P5---P;
P>z, q<P.<---<P; (Vj>2) Pj=v; (mod q) Py=wv; (mod q)
(Vi) fi(P1)-fi(Pr)=a; (mod q)
with V, e (q;@) = {(v1,...,v,) € Uy = (Vi) [[;=, Fi(v;) = a; (mod ¢)}. Brun-Titchmarsh shows
that the innermost sum above is < z/p(q)Ps - P,log(z/q); combined with partial summation,

it also shows that > g<p<e 1/P; < logyx/¢(q) for each j € {2,...,r}. Consequently
Pj=v; (mod q)

(4.11) > |« V(@) zllogyz)

Py,..,P: P-P<x SO(Q)T log<z/Q)
S T
(Vi) fi(Pr)-fi(Pr)=a; (mod q)

Hereafter, the first two bounds in (4.4) follow immediately by detecting the congruences [];_, F;(v;)
a; (mod ¢q) via orthogonality to get

#Ver(ga) _ alqg) " o)
(4.12) = pF > Xl Xglax) (ag),

X mod ¢

and then using (4.3). The last bound in (4.4) follows from (4.11), upon noting that #V; k(¢;a) <
gt =Y Pmin < =Y Pmin 5(q) log,(3¢) by a result of Konyagin [16, 17].

Proof of (3). A simpler version of the argument for (4.6) yields |ag| < (4D)*><0(00).5(3)~/2 for
any Y modulo squarefree q. Proceeding analogously to the proof of (4.3) to give suitable bounds on
Y % mod ¢ log|” (for any fixed r), and then invoking (4.12) and (4.11), we obtain the first two bounds
n (4.5). The third bound in (4.5) follows from the fact that #Vi x(q;a) = [[,, #Vi.x(6:;a) <

(Din)*@. (Here we use the Chinese Remainder Theorem for the first equality.)

It only remains to show the fourth and final bound. In the rest of the proof, we thus assume
that r = 2, K =1 and that I, € Z[T] is not squarefull. Since #Vs1(q;a) = ][, , #V2.1(( a) for

any a € U, the fourth bound would follow once we show that #V,1(¢;a) < ¢(£)(1 + O(£71/?))
uniformly in all primes £ > 1 and all a € U,. Since F; is not squarefull, proceeding as in the first
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paragraph of the proof of Lemma 4.3, we are guaranteed that F} has at least one simple root in
F, for all £ > C1, for some constant C} = C1(F;) > 0.

We claim that Fy(X)F(Y) — w is irreducible in F,[X,Y] for all £ > C; and all w € U,. Indeed,
if {(X)F(Y)—w = UX,Y)V(X,Y) with U,V € F,[X,Y], then for any root § € F, of F,
we have —w = U(X,0)V (X, 0), forcing U(X,0) and V(X,0) to be constant. Writing U(X,Y) =
D o<j<r Wi (Y)X7 and V(X,Y) = 35 v (Y) X7, we get u;(0) = v;(0) = 0 for all j > 0, so
that [Tocr, . m@g=o (Y —0) | (ged;jsoui(Y), ged;sov;(Y)). Now if both r, s > 0, then comparing
the leading (highest degree) terms in X on both sides of Fy(X)Fi(Y) —w = U(X,Y)V(X,Y)
vields [per, . moymo Y —0)? | Fi(Y) in F,[Y], contradicting that F} has a simple root in

Fy. Hence, either r = 0 or s = 0. Assuming the latter (wlog), we have V(X,Y) = vo(Y) with
FI(X)F(Y) —w=U(X,Y)v(Y). Substituting a root of F' for X forces V(X,Y) = vy(Y) to be
constant, proving our claim that Fy(X)F;(Y) — w is irreducible in Fy[X, Y],

Finally by the version of the Hasse-~Weil bound in [20, Corollary 2b], we get #Vs1(¢;a) < o(£)(1+
O(¢~1/%)) uniformly in ¢ > Cy and a € Uy, as desired. O

4.1. Setting the stage for Theorems 1.2 and 1.3. With C; and « as in (4.2), define the

~

constant 0y = 91(Co, k) < 1 to be the maximum of (a(M)p(M))~[ 3, N(F(u))], taken over

~

all integers M < CS°* and over all tuples of characters 77 := (1, ..., nx) mod M for which 7(F(u))
= Hfil n;(F;(u)) is not constant on its unit support {u € Uy : F(u) € Uy }. Note that §; < 1.

Let y = exp((log z)™in{e/2:(1=01)/2}) " where € is as in the statement of Theorem 1.2

~

(with € := 1 for Theorem 1.3). For any ¥ mod ¢ and Y > y, writing > _ . X(f(p)) =

~

> uev, X(F(u)) 32 y<p<y 1 and using Siegel-Walfisz to estimate the inner sum shows that (1.3)

p=u (mod q)

holds uniformly in ¢ < (logz)"°, with h; = fi, M := ¢(q), ax = (a(q)¢(q))™* > ueu, X(F(u))
as above, and €(y) = exp(—c+/logy). (¢ > 0 being a constant coming from Siegel-Walfisz.)

We thus apply Theorem 1.6 with d := Qq (here Qy was defined after (4.2)), z := x'/1°82% and

J := |log; |. Take R as in Theorem 1.3, and for Theorem 1.2, we take R := 1, noting

that the condition “Pi(n) > ¢” (on the left of (1.5)) can be ignored with an error at most

U (z,q) < ¥(x,z). To bound the right of (1.5), note that > ¢moaq |z’ = o(1) by Proposition
f(X) 1 Qo

4.4(1), and ¥(z, 2) < x/(log z)*To) g3 = by known estimates on smooth numbers (see [4, p. 15] or

[38, Theorem 5.13 and Corollary 5.19, Chapter I11.5]). We use the relevant subparts of Proposition
4.4 to bound the &,.(¢; z). Finally, note that by [29, Proposition 2.1 and Lemma 2.4], we have

(4.13)

X 1

> 1= oy OPOon(30)° M), 3 = afa)log, X +O((logy(30)),
n<X <X
(F(n) 9)=1 (F®) =1

while a(q) > (log,(3q))™" by (4.1). Combining all these observations, we deduce that (in the
settings of both Theorems 1.2 and 1.3), the right of (1.5) is o(p(q) K#{n <z : (f(n), q) = 1}).
Further, the second asymptotic in (1.2) follows from [27, Lemma 2.3] and the first estimate in
(4.13). Theorems 1.2 and 1.3 would be thus be proven once we show that

#{n<w: (f(n),q) =1, (Vi) filn) =a; (mod Qo)} ~ ¢(Qo) " #{n < x:(f(n), ¢) =1}.
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Now if the radical (product of distinct prime divisors) of ¢ is of size O(1), then this is immediate
by applying Theorem 1.1 to the integer @* := lem|[Qo, H£| ‘ ¢] < 1. Hence we may assume that

q has sufficiently large radical. By orthogonality, (4.1) and the first estimate in (4.13), Theorems
1.2 and 1.3 would follow once we show that: There exists a constant &y := do(Cp, k) < 1 such that

~ o~ €T o ~
(4.14) ; Lty =1 ¥(f(n)) < (log 2)1—0@ for all nontrivial character tuples 1 mod Qy,°
uniformly in ¢ < (log z)¥° lying in Q(f1,..., fk), having Qo > 1 and having sufficiently
large radical. (Here for a given ¢, its “Qo” is defined as after (4.2).)

Now if J(ﬁ(u)) is not constant on {u € Uy, : F(u) € Ug,}, then (4.14) follows by apply-

ing Proposition 1.7 to the character tuple ¥ mod ¢ induced by ¢, for which we have |ag| =

(a(Qo)p(Qo)) | ZueUQ W(F(u))| < 07 by definition of ¢;. It thus only remains to show (4.14) if
0

@(ﬁ’(u)) is constant on {u € Ug, : F(u) € Ug,}. We do this in the next section.

5. COMPLETING THE PROOF OF THEOREMS 1.2 AND 1.3: MODIFYING THE
LANDAU-SELBERG-DELANGE METHOD

5.1. Perron’s formula and analytic continuations. Recall we are assuming that Qg > 1,
that &(ﬁ(u)) takes a constant value cg on its unit support {u € Ug, : F(u) € Ug,}, and that
the radical @ = [[,, ¢ is sufficiently large. It suffices to show (4.14) for z € 7", hence we
assume this throughout. We will modify the Landau-Selberg-Delange method, borrowing ideas
from work of Scourfield [33]. We start by considering the Dirichlet series

)

Fs) = ; ﬂ(f(n),q)znlsw(f(n)) B ; ﬂ(f(n),Q)j;?/J(f(”))

and applying Perron’s Formula (as stated in [38, Theorem I1.2.3]) to write
(5.1)

3(F L[t Fs) g0
D Lymg=1 $(f(0) = 5= ds + 023" (f(n), q)=1 ‘

2w Jop 1 S n>1 nH@(l + T'|log(x/n)l)

n<x log =
uniformly in 7" > 1. The error term here is estimated as in the prime number theorem: First, note
that the total contribution of all n < 3x/4 and n > 5x/4 to the O-term above is

(5.2)

T 1 T 1 T 1 , 1
€T 2 s < TP (Z me) <gew | o+ en=2) 3 .

p p<lzx 7>0 227 <p§a:2j+1

which is < z(logx)/T. Second, note that for any n € (3z/4,z — 1], we can write n =  — v for
some integer v € [1,x/4), so that |log(xz/n)| = —log(1 — v/x) > v/x. As such, the contribution
of all such n to the O-term in (5.1) is < 7! > 1<veays T/ L x(logz)/T, and likewise, so is the
contribution of all n € [z 4 1,5z/4). Collecting all estimates, we obtain

~ 1 (EestiT F(s)a rlogx
(5.3) D Agmg=1 ¥(f(n) = 5= 2 ds + O ( - ) .

2mi 1, S
1+@—’LT

n<x

6i.c., for all tuples of characters {/1\ = (¢1,...,¥K) mod Qq, except for the tuple of trivial characters mod Qg
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In what follows, we write a complex number s as o + it, where o = Re(s) and ¢t = Im(s). Set
Lq(t) :=1og(Q(|t| + 1)). There exists an absolute constant ¢; > 0 such that [, .40 L(s:n)
has at most one zero B, (the “Siegel zero”) in the region o > 1 — ¢;/Lq(t); moreover, S, is real
and simple and is associated to a real character n, mod @ (the “exceptional character”).

We make branch cuts of the complex plane: If (a(Q), c;) # (1, 1), we cut the complex plane along
the real line up to o < 1. If (a(Q), CzZ) = (1,1) and S, exists then we cut the complex plane along
the real line up to ¢ < .. In the remaining case, we make no branch cut. The necessary analytic
properties of our Dirichlet series F(s) are given below.

Lemma 5.1. For o > 1, we have F(s) = F(s) - G;(s), where

. a(Q)cy _ _

(i) Fy(s) = (Hnmon L(sm)”(”)) () = (@@ @) Eevn: pery W),

(i) G5(s) is analytic on 0 >1—1/log @ and satisfies G5(s) < (log, Q) uniformly therein.

As such, with the aforementioned branch cut conventions, F(s) analytically continues into the

region {oc+it: 0 >1—c1/Lg(t)} —[1—c1,1]. (Here the real segment [1—cy, 1] has been omitted.)

Proof. We start by using the Euler product of the Dirichlet series F(s) to write
(5.4)

F(s) = 11 (1 B ;_&) o (H (1 K L) .9=1 13(71?“))) (1 % ﬂp;jp)eUQ)> '

p: pF(p)eUq v>1

Expand the logarithm of the ﬁrst product into Taylor series and split the sum Zp pF(p)eUo P 5 as

ZbeUQ F(b)eUq szb (mod @) P~°- By orthogonality and log L(s,n) = Zmzl n(p®)/vp*, we have
1 1 _ 1
>, o= 2(Q) > ab)logL(s,n) — Y o
p=b (mod Q) p ¥ n mod Q p,u>2 P
p?=b (mod Q)

Hence, the logarithm of the first product in (5.4) equals

(5.5) a(Q)ey Y (mlogLis,n) + | Y ()" S “

U VS
nmod Q pv>2 pu>2 p
pF(p)eUq pF(p¥)eUq

The product formula for F(s) now follows immediately from (5.4).

Next, note that for o > 2/3, we have 3, [op™ |~ < 37 ., p~ %3 < 1, which also shows that
the expression in parentheses in (5.5) defines an analytic function on the region o > 2/3. Moreover,

the total contribution of all primes p 1 @ to the second infinite product on the right of (5.4)

is equal to ], ¢ (1 Dz P {]1<f<pv>,Q>:1 D) g Lrese-ne=1 U(f (p”‘l))}> :
which defines an analytic function of size O(1) for ¢ > 2/3. Finally for o > 1 —1/log @, the total
contribution of all primes p | @ to the second infinite product on the right of (5.4) has absolute

value at most exp(}_ 0 2,51 P"7) K exp(Xo, o P exp(logp/log Q) < exp(33° o) P <
(log, Q)3. Collecting all the observations in this paragraph proves the assertions in (ii). O
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5.2. The contour shift. We assume that 3. exists and that (a(Q), c;) # (1,1), otherwise

much simpler versions of the argument below suffice. (We summarize the modifications for the
other possibilities at the end of this section.) We may thus also assume that

5 cy
24 logQ’
otherwise scaling down ¢; by a constant factor, we are in the simpler case when [, doesn’t exist.
By scaling down ¢1, we may also assume that the conductor of 7, (which is squarefree) is large
enough that it is divisible by a prime exceeding D + 2 = Zfil deg F; + 2.

Define

(5.6) fe > 1

* 2 Be (&1
T = exp(y/logx), B 3 + 3 and 9(t) =1 o)
Let ., 0 > 0 be any parameters satisfying 9(0) < 5. — 2J. and S + 20, < * < 1 — 2§. (These
constraints are only imposed to ensure that Figure 1 below makes sense. We will eventually let
J,0. — 04.) We consider the contour I'; consisting of the following components. (See Figure 1.)

e I'5, the horizontal segment traversed from J(7") + 47 to (1 + 1/logx) + T

e I'5, the part of the curve 9J(t) 4 it traversed upwards from t =0 to t =T

e T'y, the horizontal segment traversed from S, — d. to ¥(0) above the branch cut.

e I's, the semicircle in the upper half plane with center f3,, radius J,, traversed anticlockwise.
e I'g, the horizontal segment traversed from g* to . + d. above the branch cut.

e I'7, the horizontal segment traversed from 1 — 9 to §* above the branch cut.

e I'g, the circle with center at 1, radius J, traversed anticlockwise as shown in Figure 1.

° fj (for 2 < j < 7), the reflection of I'; about the real line, directed as in Figure 1.

By Cauchy’s integral formula and the final assertion of Lemma 5.1, we may thus rewrite (5.3) as

(5.7) Z Lf(n), g)=1 @(J?(n)) = RS F(s)x* B 10 (xlogx> .

27 Jr, S T

n<x
We define the function
55) Hy(s) = Fyls) (s — 1)@ (5 — ) ~=@700s,
which analytically continues into the region o > 1 —¢;/Lg(t).

We now proceed to show that the contributions of all parts of 'y, except for I'; and I'7, are
negligible. The following bounds will be useful for this.

Proposition 5.2. o
(1) We have |F(s)| < logz uniformly in s € To U3 UTy UTs.
(2) For any fived € > 0, we have |Hz(s)| < (log )N/ yniformly in real s € [1 — ¢ /4log Q, 1].

Proof. We start with the following useful observation:
(5.9) We have Hy(s) < Hg(w), uniformly in s, w € C having Im(s) = Im(w) =: ¢
and 1 — ¢, /2Lq(t) < Re(s) < Re(w) <14 100/Lg(t).
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I(T) +iT Ty (1 + Io;.\-) +iT
. "'}
1')((]) .
9(T) —iT
HT) —i (1+ IG;I\_)—;T

FIGURE 1. The Contour I'y in the case when the Siegel-zero exists and (a(Q), cz) # (1,1)

Indeed by Lemmas 15(i) and 9(ii) in [33],” we have |H1'Z(z)/H$(z)| = |F1’Z(z)/F$(z)+a(Q)c$/(z—1)
—a(Q)v(ne)eg/ (2 — Be)| < Lo(Im(2)) uniformly in z € C having Re(z) > 1 —e1/2Lo(Im(z)). (To
be in the setting of the two lemmas, we take “¢” there to be exp(6Lq(t)), and use the facts that
L(z,n) = L(z,n") [ 1401 — n"(€)/€?) and v(n) = fy(n*) when 7 mod @ is induced by the primitive
character n*.) Now (5.9) follows from log |Hg(w)/Hy(s)| < f |H’ u+it)/Hg(u+it)| du.

Proof of (1). Let u(t) == 1+ ¢1/7Lqo(t). Consider any s € I, UT3 UT, UT3. By Lemma
5.1(i1), F(s) < (log, Q)’|Fy(s)|. By (5.9), [Hy(s)| < [Hg(u(t) +it)|. Using these with (5.8),

(5:10)  Fls) < (108 Q)" - [Hyu(t) + it)] - |s = 1@ | — @001,

Since Re(u(t) +it) > 1, we can use the Dirichlet series of log L(u(t) + it,n) and interchange sums
to write | Fp(u(t) +it)| < eXp(Zp,rzl PO mea @ (@)(m)n(p)]). By definition of 4(n),

Z a(@)v(nn(@") = —Q Z Z Z Lyr=umod@ = Lprrprieug-

n mod Q uclUg nmod Q uclUqg
F( )EUQ F(U)EUQ

"These two lemmas form an extremely crucial input in our argument, and it is to apply them that we require
the full strength of our hypothesis that 1(F(u)) is constant on its unit support.
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Hence |Fy(u(t) +it)] < exp(3, o, p7™"0) < exp(3, p¥) < ((u(t) = 1/(u(t) = 1)+ O(1) <
Lo(t). By (5.8), this gives the following bound, which holds uniformly in all ¢ € R.
(5.11) [H(u(t) +it)| < Lo(t) |(t) + it — 1M DHCED |u(r) 4 it — | @O0,

Finally, we observe that for both § € {1, 8.}, we have |s—6| > ¢;/48L¢(t) for all s = o+t lying on
[LUT3UT,UTs. (This is immediate for [t| > 1/100, and also if § = 1 and |¢| < 1/100. If § = 3, and
|t] < 1/100, this follows from (5.6).) This observation easily yields |s—6| < |u(t)+it—0|. Inserting
this estimate and (5.11) into (5.10), we get F(s) < (log, Q)*Lo(t) < (logs x)? log(QT) < log x.

Proof of (2). For any real s € [1 —¢;/4log @, 1], (5.9) and (5.11) yield [Hz(s)| < [Hz(1(0))| <
(log Q)*(1 — B,)~*@). To complete the proof, note that 1 — B, >, Q~7?°K0 > (loga)~“/? for

any fixed € > 0 (by Siegel’s Theorem), and that a(Q) > (logs x)~" by (4.1). O
Proposition 5.3. Set [; : fr 2%/sds and I; fr z5/sds.

(1) ’I2| +_’IS| + ’72’ —l— |73| < ];exp( (10g$)1/3>
(2) [y + 14|+ |Is + 1] < gjgxp(_(logx)99/100).

(3) limg, 504 Is = lims, oy I5 =0. Moreover, lims_q, Ig = 0.
Proof. (1) By Proposition 5.2, we have |I,| < T~ (log z) 1(;1)/ 8 pu du < xz/T. For s € I's, note

that |s| > t+1, which gives |I3] < 27 (log z) fo dt/(t+1) < 2(log 2)3/? exp(—cy logz/4Lg(T))
< zexp(—(logz)'/3). The same arguments go through for I, and 5.

(2) We only show the bound for I, + I; the argument for I+ I is analogous. Note that for s € Ty,
we have (s— 1)—01(62)01; (S_Be)a( N(me)eg 11— S|—a(Q)CA 8. — |a N(me)eg | =imed@Q)eg + 'i7r6¥(6»?)7(77e)c$7

while for s € T', the same equality holds but with the opposite sign of the power of “e”. As such,
by (5.8), Lemma 5.1 and Proposition 5.2(2), we obtain

P GG e
et [ OGO o

9(0) u

— u)a(Q)Re(v(ne)%) du

Be—be
(5.12) < 2% (log2)™ @20 . (log, Q)* - (1 — B.) @ / (B — u)™@ROTIG) qy,
%(0)
Now by our hypothesis in the paragraph following (5.6), the conductor f(7n.) has a prime factor
ly > D + 2. As such, factoring n, = HEIQ Ne,e With 7, a character mod ¢, we observe that

1 1 D
5.13 e - N e < - e < .
E3) @)l = [[ | X e € 7= X malw)] € 5o
€|Q ueUy UGUZO
F(u)eU, F(u)=0 (mod £g)

Hence the integral in (5.12) is at most (3, —9(0))' T @Re00e)g) /(g +a(Q)Re(v(ne)ey)) < 1. The
bound on |I; + 14| now follows from 1 — S, > (log x)~!/?% (Siegel’s Theorem) and (4.1).

(3) Let M be the maximum of |H(s)| on a fixed small closed disk centered at 3. that is contained
in the region o > 1 — ¢1/4Lq(t). Note that My is finite as Hj(s) is holomorphic on the region
o > 1—c;/Lg(t). Parametrize the points on the semicircle I's as s = f, + . - €? for —m < 0 < 7.
Invoking Lemma 5.1 and (5.8), and arguing as above, we find that

1+a(Q)R o)~
|I5] < M (log, Q) xPe+ . (1 — B, — 56)—a(Q) .5e+ (QRe(y(1e)cy)



22 AKASH SINGHA ROY

By (5.13), the power of d. above is at least 1/(D + 1), hence the above display shows that
limg, 0+ I5 = 0. The arguments for I5 and I3 are analogous; for Ig, we only need the fact that
limg_yop 6 @R — 0 since (a(Q), c;) # (1,1) as assumed in the paragraph before (5.6). [

Letting 6, 0. — 0+ and invoking Proposition 5.3, we thus obtain from (5.7),

61 Y Lgmaga 0Fm) = = [ T

21 s
n<x Lo

ds + O (wexp(— (logx)l/?’))
with 'y being the contour consisting of the two horizontal lines joining the points 1 and 5* above
and below the branch cut, directed like I'7. (It is easily seen that the integral in (5.14) converges.)

5.3. Bounding the remaining integral in (5.14). We start as in the proof of Proposition 5.3(2),
by using Lemma 5.1 and (5.8), and then rewriting as a real integral. We get, for any fixed € > 0,

5 I HA(uw)GA(u)|x
(Z)I‘ ds‘ << / | qp( ) w( )| (1 . u)fa(Q)Re(C (u o ﬁe) ne)C )du
* u
1
(5.15) < (logz) @/ /B 1G] (1 — ) @)

the last line uses Proposition 5.2(2) and (u — )" @01 « (1 — 5,)72(@ <« (log z)<(@/2,

Set €g = €o(Ch, k) := max{cos(27/r) : 1 < r < C§°*} € [-1,1) and note that since 1 <
Qo < C5°" and ¢j 18 a 9(Qo)-th root of unity, we must either have Re(c;) < € or ¢; = 1. In the
former case, using Lemma 5.1(ii) and writing u = 1 — v/ log z yields, from (5.15),

F(s)z?

To S

z(logs x)3 T

ds (log z) (@ (co+e/4) T = a(@)Re(cg)) < (log z)1—(@(c+e/3)”

where I' is the Gamma-function, and we have noted that I is of size O(1) on the interval [1— e, 1].
Inserting the above bound into (5.14) proves (4.14) when c; # 1 (by taking, say, do < 1 — €o.)

Now assume that c; = 1, so that {Z)\(ﬁ(u)) = 1 for all u € Ug, satistying F'(u) € Ug,. Since
q € Q(f1,-.-,[x), applying the definition of Q(fi,..., fx) to the characters mod ¢ induced by
QZ = (Y1, ..,¥k), we find that 1z g=1 QZ(]?(ZJ)) = —1 for all j > 1. Isolating the contribution
of p = 2 from the second infinite product in (5.4), we can thus write G;(s) = G, (s)G,(s), where
Gra(s) = (L+ X551 Lipig=1 1/J( (2j))/2j5) (1 = ¢5 Lare),=1/2°) is analytic on ¢ > 0 and
satisfies G5 ,(1) = 0, and Where the function G5, (s) is also analytlc on the region o > 1—1/log @
and satisfies |G, (s)| < (log, Q) uniformly therein. (The assertions on G5, can be shown by

following the arguments in Lemma 5.1.) Hence for all u € [5*, 1], we have
(5.16)

Gow)] < (logy Q)° - [Gp,(1) — Gpy(u)| < (logy)’ / 1G5 w)] dw < (logy 2)*(1 - u).

Inserting this bound into (5.15) and making the substitution u =: 1 — v/log x, we obtain
F(s)x z(logs )3 T

(5.17) Tog =@ r2-a@) < (log 7)1 ~(@¢/5

ds‘ <

establishing (4.14) in the remaining case c; = 1.
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To conclude, we summarize the changes if either 8. doesn’t exist or if (a(Q),cp) = (1,1). If
Be doesn’t exist and (a(Q),c;) # (1,1), then we replace the semicircles I's and I's by straight
segments above and below the branch cut (there is no d.). If (a(Q),c5) = (1,1) and B, exists,
then (as mentioned in the paragraph preceding Lemma 5.1), we only make a branch cut up to

o < B, so we can replace all of I'; and fj (for j > 5) by a circle of radius J. centered at (., going

from below to above the branch cut; we eventually let 6. — 0+. If (a(Q),cz) = (1,1) and .

doesg’t exist either, then there is no branch cut, and our contour I'y just consists of I's, I's, Ty
and I's. By the discussion preceding (4.14), this completes the proofs of Theorems 1.2 and 1.3. [J

6. OPTIMALITIES IN THEOREMS 1.2 AND 1.3

Lemma 6.1. Let f1,..., fx : ZT — Z be multiplicative functions and {F;}; C Z[T] be nonconstant

such that Hfil F; is squarefree, and f;(p) = F;(p) for alli and all primes p. There ezists a constant
Cy > 0 depending only on {F;}; such that any q € Z* with P~(q) > Cp lies in Q(f1,..., fx).

Proof. 1If P~(q) > D + 1, then a(q) = [, (1 — (£ - D' {u e Uy T[E, Fi(u) = 0 (mod €)}) >
[14,(1 = D/(¢—1)) > 0. Moreover, if T(q) == {(Fi(u), ..., Fx(u)): ulX, Fi(u) € U,} generates
UqK, then ¢ € Q(f1,..., fx) vacuously, i.e. there is no tuple of characters ¥ # (xo, - -, Xo) mod ¢

for which ]2, xi(Fi(u)) = 1 on {u € U, : [[X, Fi(u) € U,}. Hence, it suffices to show that there
exists a constant Cp such that T(q) generates UJ for all ¢ with P~(q) > C5.

Now under the isomorphism U = .., UL, the set T(g) maps to [1ee), T(€9). Thus if T(q)
doesn’t generate UqK7 then by [25, Lemma 5.13], there is some ¢¢ || ¢ and characters (i1, ..., ¥k)
mod (¢, not all trivial, for which []/, 1:(F(u)) is constant on {u € Upe : [[X, Fy(u) € Up}. The
lemma now follows from [23, Lemma 5]. O

We show that the ranges of ¢ in Theorem 1.2 are essentially optimal, in that “1 — ¢” cannot be
replaced by “1 + ¢’ in either subpart. In all our examples below, {F;}X | will be nonconstant and
Hfil F; will be separable, — guaranteeing that {F;}X | are multiplicatively independent, and that,
any q € Z7" satisfies [IFH(F}, ..., Fg; By) for any By > 0. Fix r € Z". Our K, will be fixed large
enough in terms of Fi, ..., Fg, and we will always have ¢ < (log z)¥o.

Optimality in Theorem 1.2(i). Let F;(T) := (T — 1)" + 4, and ¢ be a perfect -th power with
P~(q) > max{Cz,2K} where C is as in Lemma 6.1. Then ¢ € Q(fi,..., fx) and any prime
P =1 (mod ¢'/") satisfies f;(P) = Fi(P) =i (mod q). By Siegel-Walfisz, #{n < z : (Vi) fi(n) =
i (mod q)} > x/(¢*/"logx) uniformly in ¢ < (logz)®°. The last expression grows faster than
the expected main term p(q)"X#{n < z : (f(n), ¢) = 1}, once ¢ > (logz)+IalQE=1/r)~" —
(log ) 1+9@(K=1/Dmin) ™ for any fixed e. (To see this, use (4.1) and the first estimate in (4.13).)

Stronger optimality in Theorem 1.2(i) for K > 1, D,;, = 1 (i.e., at least one of the
F; is linear). We show that in this case, the range of ¢ in Theorem 1.2(i) is optimal in a much
stronger sense: It is optimal even if all the F; are any pairwise coprime linear polynomials.
Indeed, if F;(T) = ¢;T + b;, then fixing any b € Z\ {0} with [[, Fi(b) # 0, and taking any
q with P=(q) > max{Cz,1 + [b[[, Fi(b)|}, we note that any prime P = b (mod ¢) satisfies
fi(P) = F;(b) (mod q). By Siegel-Walfisz, #{n < z : (Vi) f;(n) = F;(b) (mod q)} > z/¢(q) log x.
This expression grows faster than the expected main term as soon as ¢ > (log z)(1F9@)/(K-1),
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Optimality in Theorem 1.2(ii). Let Fi(T) := [[;_,(T — 2j) +2(2i — 1). Each F; is irreducible
by Eisenstein’s criterion at 2, hence Hfil F; is separable. Now let ¢ < (logx)%° be a squarefree
integer having P~(¢) > max{Cps,4Kr}. By the Chinese Remainder Theorem, the congruence
[T'_,(v —27) =0 (mod g) has exactly @ distinct solutions v € U,. Hence by Siegel-Walfisz,

j=1
(6.1) ) 1 ) 1 ) 1 e
: > > > ———.
= T (q)logx
n<zx n<z: n)>q g<P<lzx
(Vi) fi(n)=2(2i—1) (mod q) (Vi) fi(n)=2(2i—1) (mod q) [T}, (P—25)=0 (mod q)

By (4.13) and (4.1), the rightmost expression grows faster than ¢(q) " %#{n < x: (f(n), q¢) = 1}

as soon as qulD:;l(ifl) = ¢5 @@ > (log 2)(T99) for any fixed e > 0.

For completeness, we construct arbitrarily large squarefree ¢ satisfying the last inequality; in fact,

we ensure that 749 > (log 2)(1+92@ Indeed, let q := [haxicn axr<ecy € withY < (Ko/2)logy x
F, <

a parameter to be chosen later. Then ¢ < (logz)%°, w(q) > Y/2logY, and by the Chinese

Remainder Theorem and the Prime Ideal Theorem, we have a(Q) < ¢/logY for some constant

¢ > 0 depending only on Fi,..., Fx. The inequality 7@ > (log x)+92(@ is then ensured once
we choose any Y € (4clog, x/logr, (Ko/2)log, z). (We can fix Ky > 16¢ at the start.)

Optimality in Theorem 1.3. Note that by the K = 1 case of (6.1), the third value of R in
Theorem 1.3 is optimal, in that it cannot be reduced to 1. We now show that the second value of R
is “nearly optimal”, in that it cannot be reduced to 2K —1. With Fy(T') = [[;_,(T'—2j)+2(2i—1)
as above, we consider multiplicative functions fi,..., fx : ZT — Z satisfying f;(p) = F;(p) and
fi(p*) =1 for all 7 and all primes p. Consider any squarefree ¢ as in the previous paragraph, and
let n = (py - - - pr—1)>P where p;, P are primes satisfying ¢ < pg_1 < --- < p; < 2/ < g3 < P
and H;Zl(P —27) =0 (mod q). Then f;(n) =2(2¢ — 1) (mod ¢), so that by Siegel-Walfisz,

(@) g

1
6.2 1L> ——— —,
(6:2) 2 ¢(q)logx 2 1ak, (p1--Pr-1)?

n<z: Par_1(n)>q P1, - PE—1€(q,®
(Vi) fi(n)=2(2i—1) (mod q) P1, ..., PK—1 distinct

where we have replaced the ordering condition on py,...,px_1 by a distinctness condition at
the cost of (K — 1)l Note that 3°, =~ o uaey (D1 Pr-1)2 > (O pepac p )71 >
(qlog q)~™ =Y. On the other hand, the sum of 1/p; - - - px_; over all primes py, ...,pxg_1 > ¢ when
pi = p; for some i # j,is < (30, p7*) - (3,5,p )" < ¢ *. Combining, we get

(6.3) > 1>

n<z: Pag_1(n)>q
(Vi) fi(n)=2(2i—1) (mod q)

rw(Q) T rW(Q) T

. > . ,
©(q)(qlog )Xt logx ¢(q)* (logy v)K  logx

where we used ¢ < ¢(q)logyq. The last expression above grows faster than ¢(q) X #{n < x :
(f(n), q¢) = 1} once r*@ > (log 2)**99) for any fixed € > 0, which is already satisfied by our ¢.

7. THE GENERAL CASE

The hypothesis “a(gq) # 0” played a key role in Theorem 1.1 and its uniform analogues Theorems
1.2 and 1.3: Not only did it prevent the input sets from becoming too sparse (via (4.13)), but also
guaranteed that the “polynomial-type” control on the f; at the primes was most significant in a
certain sense. It turns out that if a(q) = 0, then the behavior of the f; at a higher prime power
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becomes more significant. Narkiewicz’s general criterion in [23] allows for this flexibility, and we
obtain best possible uniform analogues of his general criterion as well.

7.1. Extending Theorems 1.4 and 1.6 for certain sparse input sets. In this entire sub-
section, we fix v € ZT and C > 0. Given functions hy,...,hg : Z* — Z and q € Z*, we say
that (hy,...,hy) are v-supported (with respect to ¢) if the v-free part of any n satisfying
(hi(n)---hg(n), g) = 1 is at most C. Equivalently, any such n can be written as njny, where
ny < C and ny is v-free. In what follows, we will just write “(hq, ..., hg) are v-supported” to mean
that they are v-supported with respect to some ¢ which will always be clear from the context.

Note that if (hq,...,hg) are v-supported, then they are also (v — 1)-supported. By convention,
any functions (hy,...,hg) are 1-supported. The general paradigm in this entire section is that
the control of the h; at the v-th powers of primes is most significant: All hypotheses, results and
arguments are modified accordingly. In particular, taking v = 1 here recovers everything before.

In what follows, let ¥, (x, z) denote the number of v-full z-smooth numbers up to x; we
give a bound for this in Lemma 7.2. Given any v-supported integer-valued multiplicative functions
(hi,...,hg), and any ¢,r € Z* and z > 0, we redefine &,(q; 2) = &.(q; 2; {h:} ;) > 0 be any
parameter satisfying, for all > z and all coprime residues a4, ..., ax mod ¢, the bound

(7.1)
#{P,---P. <x:Pprimes, P, >z q< P <--- <P, (Vi) hy(P{)-- - hi(P’) =a; (mod q)}
< &(q:2) - 2(loglogx)” [1og(2/q).

The following theorem generalizes Theorems 1.4 and 1.6; the differences have been highlighted.
We still use the notation preceding the statement of Theorem 1.4.

Theorem 7.1. Consider any q € Z* with q > C. Consider any v-supported multiplicative
functions (hy,..., hg), any M > 1, y > q, and a decreasing function € : RT™ — R™, such that

(7.2) S R((P) = ax Y. xolh(p")) + O(MYE(y))

y<p<Y y<p<Y

for all X mod q and allY >y, where ag € C lies in the unit disk.
Then for all d dividing q, all z,z > 0, and all J, R € Z* satisfyingy < z < x and J > R, we have

(7.3) > 1 — (@)K - > 1

n<z: Pr(n)>q QO(Q) (h(n),q)=1
(V) h;(n)=a; (mod q) (Vi) hi(n)=a; (mod d)
1 J € v 1/v
< = Z lag] Z 1 + ¥, (x,2) + J|— + Max/"E(y)logx
(,D(Q) X mod ¢ n<w Y
(%)t d (h(n),@)=1
K . 1/v R+J
p(d &r(g;2) x'/¥(2logy w 1
+ (Q) + S[R/u] (q; z)+RK Z {s( B_._s} 1 ; ) exp Z ol
(q) P e Gl A 0g(z/q) - P
1<s<Kv (h(p¥),q)=1

The analogue of (1.4) also holds, with the relevant replacements on the right hand side, and with
the condition “Pj(n) > y” replaced by “Py,(n) > y”. The implied constants in both estimates
depend only on vy K, C and the implied constant in (7.2).
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Proof. The proofs are essentially analogous, so we mention the main changes. First, we define n to
be “convenient” if the J largest distinct prime factors of n all exceed y and each appear exactly to
the v-th power in n. Thus, any convenient n can be uniquely written as m(Pj--- P;)” where (2.1)
holds. Once again, to prove the analogue of (1 4), it suffices to show the corresponding estimate
with the condition “Pj,(n) > y” replaced by “n convenient”: This is because any inconvenient n
having Py, (n) > y must be divisible by the (v + 1)-th power of a prime exceeding y, and because

(7.4)
R Y Y Y oaeary ()

n<z: (h(n),q)=1 P>y m<z/p" p>y  mi<C mo<z/p" P>y
3 p>y s.t. pPTlin r2v+l (h(m),q)= r2v+l my is v-full r2v+1

where we’ve used the Erdés—Szekeres estimate [12] on v-full numbers. Now (2.2) and (2.3) hold
as stated. The analogues of (2.4) and (2.5) hold with all z/m and X(h(P,)) replaced by zV/* /m!/”
and X(h(P”)); the O-term in (2.5) is replaced by O (J + Mz'/*E(y) /mY Py -+ Py Py - -+ Py).
Reversing the splitting of convenient n, we see that this O-term summed over m and all other P,
is < Y ey g1 LA JTMEY S g 7Y The first of the two sums is
K Yon<o 2o ma<ayyr 1 << 2! [y The second of the two sums is at most

ng is v-full
1 1 1
I VIFED S VI R 1 (X5 9r ) R O or) P
n<lz ni<C "1 na<x 2 p<z r>v p<zx
(h(n),q)=1 ng is v-full

We thus find that the analogue of (2.6) holds with all products P, - - - P, replaced by (P --- Py)",
and with all instances of z in the O-term replaced by x'/*. This proves the analogue of (1.4).

Next to obtain (7.3), we show the analogue of (2.8), which is

z'/"(2log, )’ Linpr), g)=1 2\
7.6 1 a7 =) .
(7.6) Z < og = exp Z ) + U, (z,2)+ (y>

n<z: Pj,(n)<y p<y
(h(n), 9)=1
By (7.4), we may assume that the y-rough part of n is (v + 1)-free, so that (by definition of
v-supported and y > g > C) the y-rough part must be a perfect v-th power. We may also
assume that P(n) > z since #{n < z : P(n) < z, (h(n), q) = 1} < 37 6D n<c: Pia)<e 1

ng is v full
< VY, (x,z). Under these two assumptions, n = BA"P”, with P = P(n) > z, PEB) <y <
P=(A), Q(A) < J and (h(B), q) = 1. Proceeding as in the proof of (2.8), and noting that
> B P(B)<y Ln(B), o-1/BY" <« exp(D_p<y L(nw),9)=1/p) by the method used in (7.5), we get (7.6).

Finally, we bound the n satisfying Pr(n) > ¢, P;,(n) < y and h;(n) = a; (mod ¢). Again, it
suffices to bound the number Y " _ 1 of all n < z with a (v + 1)-free y-rough part, satisfying
Pr(n) > q, Ps,(n) <y, P(n) > 2, and h;i(n) = a; (mod q). Let E,, be the number of n counted
in Y ' 1with #{p>q:p" || n} =rand #{p > q: p"™' | n} = s. The analogue of (2.7) holds
with “R”, “K”, “p || n”, “p* | n” replaced by “R/v”, “Kv”, “p” || n”, “p"™' | n” respectively.
(Here we noted that the g-rough part of n is v-full, as ¢ > C' and hy, ..., hg are v-supported.)

The rest of the proof goes through by adapting the argument for Proposition 1.5: For instance,
any n counted in E, is of the form mp{ ---p%*AY, where P(m) < ¢, p; > ¢, ¢; > v + 1,
c1+- - -+cs > R—vr, and A is squarefree with P~ (A) > ¢, P(A) > z, Q(A) = r. Givenm, py, ..., ps



EQUIDISTRIBUTION OF FAMILIES OF MULTIPLICATIVE FUNCTIONS I 27

and ¢y, ..., cs, the number of A is at most &,(¢; 2) - 2'/¥(log, x)’"/(ml/vpil/u Ll log(z/q)). The

—c1/v —cs v

sum of p, e Ds over all possible p; > ¢ and over all ¢; > v+1 satisfying ¢, +- - -+c > R—vr,
is < RE ¢~ max{s/v:R/v=r=s} by the same argument as given in Proposition 1.5. On the other hand,
since hy,...,hg are v-supported, we see that the sum of 1/m!'/¥ over all P(m) < q satisfying
(f(m), ¢) =1 is at most (Zm1§C 1/m) (Y ma<a: Pimay<q 1/ma) < exp(_,<, 1/D)- O

mo is v-full

The following lemma gives a general uniform bound on W, (z, z), the number of v-full z-smooth
numbers up to x. This generalizes some known bounds on smooth numbers, such as in [4, p. 15].
Lemma 7.2. Fizrv e Z". As x,z — 0o, we have

U, (z,2) < z/"(log z) exp(—ur~'logu + O(ulog,(3u))),
uniformly for (logz)™>32h < » < 212, Here u := logz/log z.

Proof. This is a classic application of Rankin’s trick. Let n = (logu)/(log z) < min{1/3,1/2v}.
Noting that > > .5, ., p Ul &, pON p~I=mU+1/Y) « 1, we have

(1-n)/v 1 1
wis 3 (5 e e (10 ) st e (8 1)
n p p

n: P(n)<z p<z r>v p<z
n is v-full

Now > . p~ =" = log, 2 + > p<. (exp(nlogp) —1)/p+ O(1). In the last sum, the contribution
of all p < 27 is < N _p<ormlogp/p < 1, while that of p € (2'/7 2] is at most (exp(nlogz) —
1) gtmepe. 1/p < uflogy(3u) + O(1)). Collecting all these bounds completes the proof. O

We also mention the following generalization of Proposition 1.7 which will be useful to us soon.

Proposition 7.3. In the setting of Theorem 7.1, we have for any X mod q,

R Y
1) Y j0m) < exp< 3 %+ RS %+0<M<1ogm>3e<y>>>

log

nsw p<y y<p<z
(h(p"), 9)=1 (h(p¥), q)=1
X 1/v
+ <—> + a'¥(log z)* exp (—u(2v) ' logu + O(ulog,(3u))) .
Y

where v = log x/logy. The implied constant depends only on the implied constant in (1.3).

Proof. By v-supportedness (and the fact that y > C'), the y-rough part of any n on the left of (7.7)
is v-full. By (7.4), it also suffices to restrict the sum on the left of (7.7) to the n’s whose y-rough
part is (v 4 1)-free. These restricted n are thus of the form BM A” where P(BM) <Y < P~(A),
where A is squarefree, M is v-full, B is v-free with B < 1, and (h(B)h(M)h(AY),q) = 1.

If M > 2'/2 then A < (x/BM)Y" < 2'/?/BY¥. Given B and A, the number of M is <
(Y7 /BY* A) - (logy) exp(—u(2v)logu + O(ulogy(3u))) by Lemma 7.2, where u = logz/logy.
Since Y.1/B < 1 and Y 1/A < logx, the total contribution of n with M > /2 is absorbed in
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the right of (7.7). On the other hand, the total contribution of all n having M < x'/2 to the left
hand side of (7.7) equals

(7.8) ST R((BY) > RAM)) 3T (A Lp-(aysy X(A(AY)).

B<a: P(B)<y M<z'/2: P(M)<y A<(z/BM)MY

B is v-free M is v-full

Now we observe that uniformly in all B and M in (7.8), we have

(7.9)
N T 1/v
S B Ly 1) < L e (|a;| > }9+0<M<logx>36<y>>>.
A<(z/BM)/v y<p<w

(h(p¥), 9)=1
To show this, we proceed as in section 3: Writing X = (x/B]\/[)l/”, the analogue of (3.4) is

D(X’ t) _ Z 1— Re(1p>y5<\(ﬁ(py>>p_it) > 10g2 |ax| Z q) 1 + O(1+M€( )(IOgIlf)S)

p<X p y<p<X

Inserting (7.9) into (7.8), recalling that B < 1, and observing that > T, g1/ MYY <
M: P(M)<y
M is v-full

[, (1+ > sy L), o) =1/p"7") < exp(Y_ <, L), q=1/p) completes the proof. O

7.2. Narkiewicz’s general criterion and its uniform analogues. As alluded to above, Narki-
ewicz’s criterion allows for the possibility that the behavior of the f; at the v-th powers of primes

is most significant, for any (fixed) v € Z*. We thus start with multiplicative functions f1, ..., fk :
Z* — Z for which there exist polynomials {F; ; h<i<x C Z[T] satistying f;(p’) = F;;(p) for all
1<j<Vv

i € [K], j € [V], and all primes p. (Thus, F;; controls the behavior of f; at the j-th powers of
primes.) For each j € [V], define aj(q) = ¢(q)'#{u € U, : [IX, Fij(u) € U,}. For a fixed
v € [V], we say that ¢ is v-admissible if a,(¢) # 0 but a;(¢) = 0 for all j < v. (In other words, v
is the minimal index j for which Hfil F, j carries some unit mod ¢ to some unit mod ¢.) Finally,
let Q(v; f1,- -+, fi) be the set of all v-admissible moduli g satisfying the following property

K
(7.10) For all ¥ # (Xo.- -, Xo) mod ¢ satisfying [ [ x:(Fi,(u)) = 1 on its unit support
i=1
{uel: H F;,(u) € U,}, there exists a prime p satisfying Z P™)p~™ = 0.

m>0

By the triangle inequality, such a prime p < 2”; thus Q(1; f1, ..., fx) is precisely the set Q(f1, ..., fx)
that we had been working with before. We now state Narkiewicz’s general criterion.

Theorem 7.4. 23| Fiz v-admissible . Then (f1,..., fx) are WUD mod q iff ¢ € Q(v; f1, -+, fK)-

As the reader may expect by now, the polynomials (Fy,,..., Fk,) play the role of (Fi,..., Fk)
from the previous sections. Our first complete uniform analogue of Theorem 7.4 is thus the
following generalization of Theorem 1.1, giving uniformity without any restrictions on inputs. All

implied constants in what follows depend only on the polynomials {F; ;} ISi<K -
<j<v
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Theorem 7.5. Fiz Ky > 0 and € € (0,1), and assume that Fy,, ..., Fk, are multiplicatively in-
dependent. Then (fi, ..., fx) are WUD mod q < (log x)5° lying in Q(v; fi,- -+, fx) and satisfying
IFH(Fy,,...,Fx,; By), provided at least one of the following two conditions holds:

(i) ¢ < (log x)(l—e)ay(q)(K—l/Dmin)’l, where Dy, == min{deg F;, : 1 <i < K}, or

(ii) q is squarefree and qK’lD;Jl(ifl) < (log z)(1=9av (@),
Again, both these ranges are essentially optimal. If K > 1 and Dy, = 1, then optimality holds
in the stronger sense, i.e. even if F ,,..., Fx, are any pairwise coprime linear polynomials. The
examples are analogous to those constructed in section 6; we discuss the changes in subsection
§ 7.5. Asin Theorem 1.3, we need to restrict our inputs to restore full “Siegel-Walfisz uniformity”.

Theorem 7.6. Fiz Ky > 0 and assume that F,,..., Fk, are multiplicatively independent.
Then (1.2) holds uniformly in moduli ¢ < (logx)X° lying in Q(v; fi, -+, fx) and satisfying
IFH(Fy,,...,Fk,; By), and uniformly in a; € U,. Here for a general q, we can take

V(KD + 1), ifv<D:=3" degF,.
the least integer exceeding v(1 4+ (v + 1)(K —1/D)), ifv > D.

(7.11) R = {

If q is squarefree, we can take R =v(Kv+ K —v+ 1) 4+ 1, and we can also improve this to

(712) R= 2, if K =v =1 and Fy, is not squarefull.
' N v(Kv+ K —v)+1, ifv>1 and at least one of {F;,}, is not squarefull.
Both values of R in (7.12) are optimal in general; we discuss this in subsection § 7.5. The second

value of R in (7.11) is also optimal, as shown by the example of o(n) in the discussion below.
Note that the second values of R in (7.11) and (7.12) had no analogues in Theorem 1.3.

We mention concrete examples which can only be addressed with this greater generality. Recall
the definition of Q(v; f1,-- -, fx) given in (7.10).

e Sliwa [37] showed that o(n) is WUD modulo fized ¢ iff 6 1 ¢; in fact, Q(1;0) = {q: 21 ¢}
and Q(2;0) = {q : 2| ¢,3 1t ¢}. While Theorem 1.2 only dealt with odd ¢, Theorem
7.5 shows that o(n) is WUD modulo all ¢ < (logx)2~9%@ in Q(2;0), as well as modulo
all squarefree ¢ < (logz)%° in Q(2;0) satisfying 290 < (logx)1=9%@  where a(q) =
ITog =1 (moa (1 —2/(€—1)). (Here v = D = 2 and IFH is trivial as T? + 1 is separable.)
The restriction on squarefree ¢ is optimal by the example in [34, subsection 7.2].

e Moreover, Theorem 7.6 shows that o(n) is WUD modulo all ¢ < (logz)X° in Q(2;0) if
we restrict to inputs n with Ps(n) > ¢ (respectively, Ps(n) > ¢ for squarefree ¢). By the
examples constructed in [34, subsections 6.1 and 7.1], both these restrictions are optimal.
(Note that our inputs n must be of the form m? or 2m? since o(n) is odd, ¢ being even.)

e Narkiewicz [24] studied the weak equidistribution of o3(n) = >_,, d®. He showed that
Q(1;03) ={q:(q,14) =1}, Q(2;03) = {q : (¢,6) = 2}, and Q(v;03) = @ for all v > 2. Our
results extend this to show that o(n) is WUD modulo all ¢ < (log z)®/2-99) in Q(1; a3),
as well as modulo all squarefree ¢ < (log z)%° in Q(1; 03) that satisfy 3¥(9) < (log )(1=9)a(®),

where a(q) =[] ¢ (1-3/((=1)-1I ¢ (1 —=1/(f—1)). Uniformity is restored
¢=1 (mod 3) {#£1 (mod 3)
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modulo all ¢ < (log z)%0 in Q(1; o3) by restricting to inputs n with Py(n) > ¢ (resp. P»(n) >
q for squarefree ¢ < (logz)¥° in Q(1;03)). Analogous results can be given for varying ¢ in
Q(2; 03); this genuinely requires the additional generality in this section.

Our results apply to any o,(n) (for which all involved polynomials are separable), as well as to fami-
lies like (n, p(n),o(n)) (0,02, 03), (@, 0,02,03), etc. In general, once we have an explicit description
of the sets {Q(v; fi1,..., fr)}52; (which is a “fixed-modulus” problem for each fixed v), we have
explicit analogues of Siegel-Walfisz for (fi, ..., fx) with optimal arithmetic restrictions. However,
this problem of giving explicit descriptions of {Q(v; f1,..., fx)}52; is not solved in general. In
fact, even just for the single function o, (with r > 1 fixed), the sets {Q(v; 0,)}22; have only been
computed upto r < 200 in works of Narkiewicz and Rayner [24, 30, 31]. Narkiewicz [22, 25] shows
that for (f1,..., fx) satisfying some natural additional constraints, we have Q(v; f1,..., fx) =0

for all ¥ > 1; he also gives algorithms to compute the nonempty Q(v; fi, ..., fx).

7.3. Additional ingredients for Theorems 7.5 and 7.6. From now on, we are in the setting
of Theorem 7.4 (as described before the statement of the theorem). Our first key observation:

(7.13) If ¢ is v-admissible, then (fy,..., fk) are v-supported.®

To see this, let A be the set of primes ¢ which satisfy o;(¢) = 0 for some j < v. Note
that since a;(¢) > 1 — (£ — 1)7' 32K deg F};, the primes in the set A are no more than 1 +
maX;ely) Zfil deg F;; < 1. To show (7.13), it thus suffices to show that for any n satisfying
(f(n), q¢) = 1, the primes dividing the v-free part of n must lie in A. So assume by way of contra-
diction that p/ || n for some p & A and j < v. Then [[, F;(p) = f(p’) divides f(n). Since j < v
and ¢ is v-admissible, we have «;(q) = 0, so that by the Chinese Remainder Theorem, a;(¢y) =0
for some prime ¢, | g. Then ¢, € A, so that p € Uy,. This forces £y | [[, Fi;(p) = f(p’) as
a;(fy) = 0. Hence 4y | f(n), violating the fact that (f(n), ¢) = 1. This establishes (7.13).

We intend to apply Theorem 7.1. To set the stage, we need two additional ingredients. The first
is an estimate on the input sets that generalizes and plays the role of the first estimate in (4.13).

Proposition 7.7. As x — oo, we have uniformly in v-admissible ¢ < (log x)%°,

1/v

(7.14) #Hn<w: (fln),q) =1} = = exp(O((10g,(30))°")).

Proof. The lower bound follows just by looking at the n of the form m” and applying the first
estimate in (4.13) to the multiplicative function m — f(m"). To show the upper bound implied
in (7.14), define Y = exp(y/logx), and note that by the arguments leading to (7.8), it suffices
to count the n of the form BMA” where P(BM) <Y < P~(A), where A is squarefree, M is
v-full and M < 22, where B is v-free with B < 1, and where (f(B)f(M)f(A"),q) = 1. By [15,
Theorem 01, p. 2], given B and M, the total number of A is

2 (x/BM)"" 1(f(pv),q)=1
Yo A Le(asy Lgan g < Togr &P P

A<(x/BM)1/v Y<p<z p

8where we can take the “C” in the definition of v-supported to be some constant depending only on {Fijhi<i<k.
1<j<v
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Bounding > 1/MY" as at the end of the proof of Proposition 7.3, we see that the number of such
nis < (x'/7/log x) exp(Y_ <. L(s(p),q)=1/p)- This is absorbed in the right of (7.14) because
(7.15)

1 1
Z - = Z — = a,(q)logy X + O((log,(3¢))°W) uniformly in X > 3q,
px P p<X b
(f(pu)’ q):l (Fl,v(p)"'FK,V(p)7Q):1
by [29, Lemma 2.4]. This establishes the upper bound implied in (7.14). O

The second ingredient is a partial improvement of (4.5) in the case r = 3.

Lemma 7.8. Fize > 0. If at least one of {F;,}X, is not squarefull (in C), then

(7.16) &3(q; 2) < q 21, uniformly in squarefree q and in z € (q, ).

Proof. The analogue of (4.11) holds with f;(P;) replaced by fi(P}) (and with V; k(q, @) redefined
accordingly), so we need only show that #Vs rc(¢; @) < ¢(q)'™. As #Vs k(q;a) = [y, #Vs.x(4;a)
and w(q) < logq/ log, q, it suffices to show (to complete the proof of the lemma) that

(7.17) #Vs 1 (6;0) < ¢(¢) uniformly in primes £ > 1 and @ = (ay, az, a3) € U;.

Assume w.l.o.g. that F}, is not squarefull (in C). As in the last bound in (4.5), our idea will be
to embed V; k(¢; @) into the set V;(IFy) of all Fy-rational points of the variety

Vi={(X,Y,Z) € FZ’ B (X)FR (YY) R (Z) —ay = Fo (X)) Fy  (Y)Fy (Z) — ag = 0}
Now, any sufficiently large prime /¢ satisfies all the following properties:
(i) ¢ doesn’t divide the leading coefficients of Fy, or F},;
(ii) Fy, is not squarefull in Fy;
(iii) If FYY, - F3? is constant in Fy(T) for some ¢, ¢s € Z, then £ | (c1, c2).

We ensure (ii) by arguing as in the first paragraph of the proof of Lemma 4.3. To ensure (iii), we
proceed as in the proof of Lemma 4.3(2) to see that the polynomials (Fy,F5,, F1,F;,) must be
Fi-linearly independent for all ¢ > 1. (Basically, ¢ shouldn’t divide the invariant factors of the
2-column matrix listing the coefficients of FY  F5, and Fy,Fy,.) Now if Fy% - F3? is constant in
Fy(T) for any such ¢, then from its derivative, we get ¢ F] , 3, + ¢, Fy, = 0, forcing £ | (c1, ¢2).

Our next important observation is that if £ is large enough to satisfy (i)-(iii) above, then

(7.18) Fy(X,Y,Z) = F,(X)F\,(Y)F1,(Z) — a; is irreducible over F,
and does not divide F; (X,Y, Z) = Fy (X)) Fo,,(Y)Fy,(Z) — ay in F([X,Y, Z].

The first assertion can be shown by simply replicating the arguments given for the irreducibility of
“F1(X)F1(Y) — w” in the proof of Proposition 4.4(3). Next, assume for the sake of contradiction
Fy = Fy H, for some H, € Fy[T]. Comparing the coefficients of the monomial Y™ Z"2 of maximum
total degree 1 + 7 on both sides of the last identity, we obtain Fy ,(X) | F5,(X). Hence Fy, =
F,- H for some m € Z* and H € Fy[X] such that F'{ H. We will show that H must be constant.
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To see this, note that by an easy induction argument, we have for all t € {0,1,...,m},
(7.19)
Fy divides Gy(X,Y, Z) == F1,(X)" " F,(Y)" " F1,(Z2)" " H(X)H(Y)H(Z)—a;'as in F/[X,Y, Z].

Indeed, since Gy = Fy, this is tautological for t = 0. If (7.19) holds for some ¢t < m — 1,
then writing Gy = F;}Q; shows that Fy ,(X)F1,(Y)F1,(Z2) | (QuX,Y,Z) — al_(t+1)a2). Defining
Q41 by the relation Qy(X,Y, Z) — a; " May = FL(X)FL,(Y)F1,(2)Qu1(X,Y, Z), the identity
Gy = F}Qy leads to G411 = F;'Qy41, completing the induction and proving (7.19). Applying (7.19)
for t = m, we get H(X)H(Y)H(Z) — a;™as = F}(X,Y, Z)Q(X,Y, Z) for some Q € F/[X,Y, Z].
Now if H were not constant, then again comparing the coefficient of the monomial Y Z" with
maximal 71 + 7 on both sides of the last identity would show that F' | H, a contradiction. Hence
Fi " Fy, = H must be constant in Fy(T'), violating property (iii) from before. This proves (7.18).

The final stretch of the argument involves some key inputs from commutative algebra and algebraic
geometry. Note that by (7.18), (Fy, F}) form an F,[X,Y, Z]-regular sequence’: This is because if
Fy@ lies in the ideal (Fy), then (7.18) forces @ € (Fy). By [3, Proposition 1.2.14], it thus follows
that the ideal (Fy, F}') has height at least 2, so that the variety V;, has Krull dimension at most 1
(since the ambient ring F,[X, Y, Z] has Krull dimension 3). Finally, the version of the Lang-Weil
bound in [11, Claim 7.2] yields #V,(F,) < ¢ for all £ >> 1, yielding the desired (7.17). O

We are now ready to apply Theorem 7.1 in the context of Theorems 7.5 and 7.6. Defining oy
and y as in subsection § 4.1 (but with F;, playing the role of “F;” there), we see that (7.2)
holds with same M and £(y) as in § 4.1. We thus apply Theorem 7.1 with the same J, z as in
§ 4.1, and with d = Qo (with Qo defined as after (4.2).) Proposition 4.4 (which just required
multiplicative independence) continues to hold as stated, with F;, playing the role of F;, and with
the &, (g, z) (re)defined in (7.1). This proposition and Lemma 7.8 bound all the relevant quantities
on the right of (7.3). Lemma 7.2 and (7.15) estimate W, (v, 2) and > . L(s(»),q=1/P respectively.

Collecting all these observations shows that the right of (7.3) is negligible compared to the main
term ¢(q) K#{n < x: (f(n), ¢) = 1}. (For instance, to show that the values of R in (7.11) work,
we just need to check that max{s/v +r/D,R/v —r+r/D —s} > K. If s/v+r/D < K, then
Rlv—r+r/D—s>R/v—Kv+ ((v+1)/D — 1)r, and this last quantity attains its minimum
over all € [1, R/v], either at r = 1 or r = R/v, depending on whether v > D or v < D. The
corresponding check for squarefree ¢ is just more mechanically tedious; one needs only use the
best available bound out of (7.16) and the analogues of (4.5) for each r € [1, R/v).)

Hence, proving Theorems 7.5 and 7.6 once again comes down to showing the following analogue
of (4.14): There exists a constant dy = do(Cp, k) < 1 such that

ZL‘l/V

m for all nontrivial tuples 12 mod g,
ogx ) o0«

(7.20) Z Lis(n), =1 Y(f(n)) <
n<x

uniformly in ¢ < (log z)¥° lying in Q(f1,..., fx), having Q¢ > 1 and having sufficiently

large radical. Once again, Proposition 7.3 yields (7.20) when [[., ¢i(F,,(u)) is not constant

on its unit support {u € Ug, : [[i-, Fi(u) € Ug,}. Hence, we need only show (7.20) when

9Following [3, Chapter 1], given a module M over a ring R, we say that z1,...,z, € R form an M-regular
sequence if M(x1,...,x,) # M, and if for each ¢ > 1, the multiplication-by-z; map is injective in the quotient
module M/(z1,...,z;—1)M. (For i =1, this means that the map M — M : X\ — x;\ is injective.)
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Hfil ¥i(Fi,(u)) takes a constant value c; on its unit support. To do this, we just need to modify
the arguments in section 5 as follows.

7.4. The additional analytic ingredients. Our first (and most nontrivial) modification is that
in order to get the analogue of (5.3), we need the following observation.

Lemma 7.9. For any x > 2, there exists an integer X € [z, v + x/log® x) such that

Lif(n), q)=1 1
E VD=L o XV ]og X
sx/aemesxsa 1108(X/n)]
n#X

Proof. The lemma would follow once we show that with h := z/log® x, we have

Ls(n), q)=1 |
(7.21) Z Z —— L T /”hlogx_
X € ZN[z,x+h) 3X/4<n<5X/4 |10g(X/n)|
n#X

We write the total double sum on the left as S; + S5, where S; denotes the contribution of
n € (3X/4, X—1]. Then for any n in Sy, we can write n = X —r, where r € [1, X/4) C [1, (z+h)/4].
By (7.13), we have n = niny where ny < 1 and ny is v-full. Hence, ny = (X —r)/n; €
[(z—7)/ny, (x+h—r)/ny). Also |log(X/n)| = —log(l —v/X) > v/X > v/x. Combining these,

1 h
Sy < x Z - Z Z 1 < xlogx(xl/”-g—kxl/(”“)) < zV"hlogz,

x+h n<kKl z—r z+h—r
1<r<ath 1L 2ot gy cathor

ng is v-full

where we have noted that the sum on ny above is < #/*{(1 + O(h/z))"/ — 1} + 2¥/@+Y by the
Erdds-Szekeres estimate [12]. Likewise, we have Sy < x'/"hlog x, establishing (7.21). U

Note that >° _coivioe Lm,o=1 < x'" /log? x (write n = nyn, and proceed as above).
Hence, it suffices to show (7. 2()) with “z” replaced by the “X” in Lemma 7.9. Now, our Dirichlet
series F(s) = > o1 L), q=1 O(f(n ))/n absolutely converges on Re(s) > 1/v, since in the Euler
product F(s) = H (1+ 22,51 Lpr),9=1/P"°), all but finitely many of the factors are of the form
L+, Lirom).g _1/p by v- adm1581b1hty Thus by Perron’s formula [38, Theorem I1.2.3],

1 1 .
R 1 S+ o )+iT XS Xl/ul X
S Lemger 0F) = =— [ ﬂdﬁo(i).
n<X 27” %(1+10g1X)7iT s T

To bound the error term from Perron, we used Lemma 7.9, and the technique in (5.2) which gave

Ly, 9=t
Z T ) < Z R <<|| 1+E < log X.
n>1 nu(1+logX)| 10g(X/n)| na>1 21/ 1+10gX) r>v pu
ng(3X/4,5X/4) ng is v-full

The rest of the argument in section 5 goes through only by scaling things by v appropriately.
Branch cut conventions are analogous to those before the statement of Lemma 5.1: Branch cuts
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up to o < 1 (respectively, 0 < f.) there are replaced by those up to ¢ < 1/v (resp. 0 < 5./v).
Redefining Lo(t) = log(Q(|tv| + 1)), Lemma 5.1 holds with F;(s) replaced by

au(Q)C{Z;
= sv,n) wi = ; n(u
—( II Zsvim) )  with y(n) = > aw),

n mod Q uclUg
[1iS, Fiw(w)€Uq

so that G5(s) (redefined accordingly) is analytic on o > v~ (1 — 1/log @) and satisfies G3(s) <
(log, @)? uniformly therein. (The analogue of (5.4) holds with 1 —¢p LK, R, (evy/P™ Teplacing
1—cz Lprpevg /p* there.) We redefine our contour I'; (Figure 1) by replacing 1+1/logz, 1, 5%, 5.,

by v~ (1+1/log X), 1/v, B* /v, B./v, and by taking ¥(t) == v~ (1 — ¢1/4Lg(t)), T = exp(y/log ).

In place of (5.8), we work with H(s) = Fj(sv) (s — 1) DG (s — B, /v) D7) which
analytically continues into o > v=1(1 — ¢;/L(t)). The analogue of Proposition 5.2 holds with s
in subpart (2) lying in [v™ (1 — ¢;/4log Q) , v !]. Tts proof is analogous, the main changes being:

e (5.9) holds with “1 — ¢;/2Lg(t) < Re(s)” replaced by “v=1 (1 — ¢;/2L4(t)) < Re(s)”.

e In the proof of subpart (1), we redefine u(t) to v (1 + ¢;/7L4(t)). Hence the mention of
¢(u(t)) is replaced by ¢(vu(t)).

Proposition 5.3 and everything thereafter goes through with analogous arguments; the analogue
of T'p in (5.14) is the union of segments joining * /v and 1/v above and below the branch cut. At
the very end (in the case when c; = 1), we can write G(s) = Gj,(s)G,(s), where G ,(s) =
[L<o (143051 L), g=1/P"), and where G, (s) is analytic on ¢ > v~ !(1 — 1/log@) and
satisfies G5, (s) < (10g2 Q)? uniformly therein. By definition of Q(v; f1,-- -, fx) (i-e., (7.10) and
its ensuing observation), we have G;,(1/v) = 0, allowing us to adapt (5.16) and (5.17). This
establishes the desired (7.20), completing the proofs of Theorems 7.5 and 7.6. O

7.5. Optimality in Theorems 7.5 and 7.6. The arguments for Lemma 6.1 show that given
F = (Fiy,. .., Fk,) with Hl 1 Fi, squarefree, there exists a constant Cz > 0 such that any ¢
with P~(¢q) > Cz has a,(q) # 0 and satisfies (7.10) vacuously (there is no tuple of characters
X # (X0, -, Xo0) mod ¢ for which T[], xi(F(u)) is constant on {u € U, : [[i-, Fi,(u) € U,}).
Henceforth, we fix v € Z*, a sufficiently large prime ¢, > C, and {Fw} 1<i<x C Z[T] with all

1<j<v—

coefficients divisible by fy. Our {F;,}X, play the role of the {F;}X, in section 6. Our moduli
q < (log z)%o will have P~(q) = /o, so that by this discussion, ¢ € Q(v; f1,- -, fx). *

The ranges (i) and (ii) in Theorem 7.5 are both optimal, and if D,,;, = 1, the range in (i) is optimal
for {F;,}X, being any pairwise coprime linear polynomials. All this can be shown by using the
set-up in the previous paragraph, and having the prime powers P” play the role of the prime inputs
“P” in section 6. (Example: To prove optimality of Theorem 7.5(i), take F; ,(T") = (T —1)" 4+
and ¢ a perfect r-th power with P~(q) = £y > max{Cz, 2K}. Then any prime P =1 (mod ¢'/")
satisfies f;(P¥) =i (mod q), showing that #{n < x : (Vi) f;(n) =i (mod q)} > '/ /(¢"/" log z).)

10The construction of {F; ;} 1<i<x guarantees that a;(g) = 0 for all j < v, and the definition of Cp guarantees
1<<v—1

both that «,(¢q) # 0 and that ¢ satisfies (7.10).
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Finally, we show the optimality of the values of R in (7.12); hereafter ¢ is squarefree. The value
R = 2 is optimal by the constructions in section 6. To show that R = v(Kv + K —v) + 1 is
optimal in the setting of (7.12), we adapt the last construction in section 6 as follows:

Take F;,(T) = [[;_ (T —2j)+2(2i—1), and continue with the set-up in the first paragraph of this
subsection (with P~(q) = £y > max{Cp,4Kr}). Let fi,..., fx : ZT — Z be any multiplicative
functions satisfying fi(p’) = Fi;(p) for all i € [K] and all j € [v], as well as f;(p*™!) =1 for
all i. Let n = (p1...pu—1)"™ - P”, with py,...,px—1),, P being distinct primes satisfying
¢ <pr1 << pr <V < g < P < () (pr .. pacnw)' )Y and [[-,(P—2j)=0
(mod q). (Recall that there are exactly (¥ many possible coprime residue classes mod ¢ that P
could lie in.) Then n < z, and f;(n) = F; ,(P) = 2(2i—1) (mod q) for all ¢, so that a computation
entirely analogous to that done in (6.2) and (6.3) shows that
(@) 7
2 P Sl (o, 007 logx

n<x: Pl/(Ku+K—l/) (n)>q
(Vi) f5(n)=2(2i—1) (mod q)

As in section 6, the right can be made to grow much faster than our expected main term.
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