JOINT DISTRIBUTION IN RESIDUE CLASSES OF FAMILIES OF
POLYNOMIALLY-DEFINED ADDITIVE FUNCTIONS

AKASH SINGHA ROY

ABSTRACT. Let g1,...,gpn be additive functions for which there exist nonconstant polynomi-
als G, ...,Gy satisfying g;(p) = G;(p) for all primes p and all i € {1,..., M}. Under fairly
general and nearly optimal hypotheses, we show that the functions gi,...,gy are jointly

equidistributed among the residue classes to moduli ¢ varying uniformly up to a fixed but
arbitrary power of logx. Thus, we obtain analogues of the Siegel-Walfisz Theorem for primes
in arithmetic progressions, but with primes replaced by values of such additive functions.
Our results partially extend work of Delange from fixed moduli to varying moduli, and also
generalize recent work done for a single additive function.

1. INTRODUCTION

We say that an integer-valued arithmetic function g is uniformly distributed (or equidistributed)
modulo ¢ if

(1.1) #{n<x:g(n)=>b (mod q)}wg as r — 00,

for each residue class b mod ¢q. As a nontrivial example, it is a result due to Pillai [15] that
the function Q(n) := Zpk”n k counting the prime factors of n with multiplicity is uniformly
distributed modulo any positive integer g. For general additive functions, a satisfactory char-
acterization was obtained by Delange [5] in 1969 for when an additive function g is uniformly
distributed to a fixed integer modulus ¢: his criterion involved the sums 3 =4, 1/p for di-
visors d > 1 of ¢ (we state the result precisely in the next section). This result shows, for
instance, that the function A(n) :=3_ ), kp (the sum of the prime divisors of n counted with
multiplicity) is equidistributed among the residue classes of any fixed integer modulus.

We say that a family g4, ..., gy of integer-valued arithmetic functions is jointly equidistributed
modulo q if

#{n <z :Vie[M], gi(n)=0b; (mod q)} ~ qiM as r — 00,

for all residues by,...,by mod g. (Here [M] denotes the set {1,---,M}.) One can similarly
ask whether it is possible to characterize families of additive functions ¢, ..., gy that are
jointly equidistributed to a fixed integer modulus ¢q. Such a characterization was achieved
by Delange in [6] where he showed that the joint equidistribution of g1, ..., gy modulo ¢ is
equivalent to the equidistribution of certain integral linear combinations of gy, ..., gy mod ¢;
see Proposition 2.2 for the precise statement.
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In all of the aforementioned results, the modulus ¢ is assumed fixed. A natural question is
what happens when the modulus ¢ is allowed to vary; in particular, whether equidistribution
continues to hold as ¢ varies uniformly in a suitable range depending on the stopping point of
inputs (what we have been calling “z”). A reasonable goal in such an investigation would be to
seek analogues of the Siegel-Walfisz Theorem for primes in arithmetic progressions, according
to which the primes up to x are asymptotically equidistributed among the coprime residue
classes modulo ¢, uniformly for ¢ varying up to any fixed power of logxz. In other words, it
is reasonable to look for a version of the Siegel-Walfisz theorem, but with primes replaced by
values of additive functions.

In order to make things precise, we will say that given K > 1, an integer-valued arithmetic
function g is equidistributed mod ¢ uniformly for ¢ < (log z)¥ if the relation (1.1) holds uniformly
in moduli ¢ < (logz)® and in residue classes b mod ¢. Explicitly, this means that for any
€ > 0, there exists X (¢) > 0 such that the ratio of the left hand side of (1.1) to the right hand
side lies in (1 —€,1 4 ¢) for all z > X(e), all ¢ < (logz)X and all residue classes b mod g.
This definition extends naturally to families of arithmetic functions, and we analogously define
what it means for a given family ¢, ..., gy of arithmetic functions to be jointly equidistributed
mod ¢, uniformly for ¢ < (log z)¥.

Our aim in this paper is to study this phenomenon of joint equidistribution (to uniformly
varying moduli) for a large class of additive functions, namely those which can be defined
by the values of a polynomial at the primes. We say that an additive function g: N — 7Z is
polynomially-defined if there exists a nonconstant polynomial G € Z|[T] satisfying g(p) = G(p)
for all primes p; we will then say that g is defined by (the polynomial) G. For example, both
the additive functions S(n) = 3_  p and A(n) = >_ ), kp are defined by the polynomial
G(T)=T.

pln

The equidistribution of a single polynomially-defined additive function with uniformity in
modulus seems to have been first studied in [16]. In that paper, Haldsz’s mean value theorem
is used to show that for any fixed 0 > 0, the function A(n) is equidistributed mod ¢ uniformly
for ¢ < (logz)2~%. In [18], this has been improved to ¢ < (logz)X for the function A(n),
the full range permitted by the Siegel-Walfisz theorem. The method relies on exploiting an
ergodicity (or mixing) phenomenon in the multiplicative group mod ¢, and was primarily used
in [18] to study the distribution of polynomially defined multiplicative functions among the
coprime residue classes to moduli ¢ varying up to any fixed power of logxz. Recent work
of Akande [1] investigates the distribution of a single general polynomially-defined additive
function (see the paragraph following the statement of Theorem 1.1). To do this, he suitably
modifies the method in [18] by means of certain exponential sum estimates.

In the first main result of this paper, we shall generalize the results in [1] to families g1, ..., g
of additive functions defined by nonconstant polynomials G, ..., Gy € Z[T] respectively, thus
extending Delange’s work [6] to uniformly varying moduli, for families of polynomially-defined
additive functions. To this end, let Q(g, . 4,,) denote the set of moduli ¢ such that gi,..., gy
are jointly equidistributed mod ¢. Under general conditions, we will show that gi,...,gum
are also jointly equidistributed mod ¢ uniformly for ¢ < (logx)¥ lying in Qgr,gar)-  For
technical reasons to be elaborated on later (see Theorem 1.4), we will assume in our main
results (Theorems 1.1, 1.2 and 1.3) that the derivatives of G; are linearly independent over
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Q. This amounts to assuming that no nontrivial Z-linear combination of the G; reduces to a
constant in Z[T], or in other words, that the polynomials {G;(T)—G;(0) : 1 <i < M} C Q[T]
are Q-linearly independent. (For M = 1, this simply amounts to G; being nonconstant.) In
particular, this hypothesis forces the maximum of the degrees of the G; to be no less than M.

Our first main result shows that ¢i,..., gy are jointly equidistributed to moduli ¢ lying in
Qg1,....gn) vVarying uniformly up to a small power of logx. In what follows, we denote by D
and Dy, the maximum and the minimum of the degrees of Gy, ..., G respectively,! so that
by the above discussion, D > M.

Theorem 1.1. Fix K > 1, § € (0,1] and an integer M > 1. Let g1,...,9u be additive
functions defined by the polynomials G, ..., Gy such that the polynomials {G’}1<i<pr C Z[T]
are Q-linearly independent. Then gy, ...,gn are jointly equidistributed modulo q, uniformly
for ¢ < (logz)™ lying in Qq,...ga), under any of the following additional conditions.

(i) M =1, and either q is squarefree or G is linear.

(i) M > 2, ¢ < (logz)=0/M=1) “and either q is squarefree or at least one of Gy, ..., Gy
15 linear.

(i) ¢ < (log x)1=M=1/Dmin)™

Subpart (i) and the special case M = 1 of subpart (iii) are the main results in [1], but we have
included them here in order to give a self-contained and unified treatment. These assertions
will of course be automatically established by our method as well. However, our method is
significantly different from [1] and there are several additional ideas required to generalize these
special cases to our theorem above.

In subsection 4.1, we shall show that the ranges of ¢ in the subparts of the above theorem are
all essentially optimal. In the constructions described there, the obstructions to uniformity
will come from the prime inputs p. Modifying the construction slightly, we could produce
obstructions of the form mp with m fixed or even slowly growing with x. Our next two
results point out that the inputs n with too few ‘large’ prime factors do indeed present the key
obstructions to uniformity. In other words, we show that uniformity in ¢ up to an arbitrary
power of logx can be restored by restricting the set of inputs n to those having sufficiently
many prime divisors (counted with multiplicty) exceeding g.

To make this precise, we write P(n) for the largest prime divisor of n, with the convention that
P(1) = 1. We set Pi(n) = P(n) and define, inductively, Py(n) = Py_1(n/P(n)). Thus, Py(n)
is the kth largest prime factor of n (counted with multiplicity), with Py(n) =1 if Q(n) < k.

Theorem 1.2. Fiz K, M > 1 and let g1,...,gn be additive functions defined by the poly-
nomials Gy, ...,Gy, such that {Gi}i<i<p C Z[T) are Q-linearly independent. Assume that
D = max<;<pr deg G; > 2. We have

#{n<z:Pypii(n)>q, (Vi) g;(n) =b; (mod q)}

IThe asymmetry in notation is due to the much greater frequency of the appearance of D in our results, as
compared to Din.
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1 x
~ —#{n <z Pypu(n) > qf ~ g as x — 00,

uniformly in moduli ¢ < (logz)™ lying in Qg ...gu)» and in residue classes by, ..., by mod q.

Here we omit the possibility D = 1, as in this case, the fact that D > M forces M = 1,
putting us in the setting of Theorem 1.1(i), where we already have complete uniformity in gq.
For squarefree moduli ¢, it turns out that a much weaker restriction on the inputs suffices: we
need only assume that n has at least twice as many prime factors (counted with multiplicity)
exceeding ¢ as the number M of additive functions considered.

Theorem 1.3. Fix K > 1, M > 2 and let g1,...,gy be additive functions defined by the
polynomials G, ..., Gy, such that {G'}1<i<p C Z[T] are Q-linearly independent. We have

#{n <x: Pop(n) >q, (Vi) gi(n) =b; (mod q)}

1
Nq—M#{n§$1P2M(n)>q}~qiM as x — 00,

77777 w)» and in residues by, ..., by mod q.

Here, we omit the case M = 1 as complete uniformity in squarefree ¢ < (logz)® has already
been attained in Theorem 1.1(i). In subsection 6.1, we will show that the restriction Paps(n) > ¢
is nearly optimal in the sense that it cannot be weakened to Py, _3(n) > ¢ for any M > 2,
and that for M = 2, it cannot be weakened to Py o(n) > ¢ either.

We now illustrate the necessity of our recurring linear independence hypothesis. It turns
out that if the polynomials {G}M, are not assumed to be Q-linearly independent, then the
M congruences g;(n) = b; (mod ¢) might degenerate to (at most) M — 1 congruences for
sufficiently many inputs n. As such, it is not possible to restore uniformity in moduli ¢ <
(log £)® no matter how many prime factors of our inputs n we assume to be larger than gq.
Specifically, for any large integer R, we can always construct integers by, ..., by, which are
overrepresented by the g1, ..., gy among the set of inputs n < x having Pr(n) > gq. We show
this precisely below; in what follows, P~(¢q) denotes the smallest prime divisor of g.

Theorem 1.4. Fiz K > 1, M > 2 and polynomials G, . ..,Gu—1 € Z[T] such that {G/} 7' C
Z[T) are Q-linearly independent. Consider nonzero integers {a; }27' and a polynomial Gy €
ZIT) satisfying Gy = M @Gl oand Gar(0) # oM aiGi(0). Let g, ..., gy be additive
Junctions defined by the polynomials Gy, ...,Gy. There exists a computable constant Cg > 0

depending only on the system G = (G1,...,Gyr) that satisfies the following properties:

For any integer Q > 1 with P~(Q) > Cg, g1,...,9m are jointly equidistributed mod Q. How-
ever, for any fived R > Cg and any integers {bi}ij\ifl, there exists an integer by such that

#{n <z : Pg(n)>q, (Vi) gi(n) =b; (mod q)} > zllogy z) 1 as x — 0o,

gM—1log x

uniformly in moduli ¢ < (logz)® having P~(q) > Cp.



EQUIDISTRIBUTION OF FAMILIES OF POLYNOMIALLY-DEFINED ADDITIVE FUNCTIONS 5

Thus, the above theorem shows that without the Q-linear independence of the {G%}M,, unifor-
mity could fail to all moduli ¢ > log x having sufficiently large prime factors, despite g1, ..., gum
being jointly equidistributed to any fixed modulus having sufficiently large prime factors. We
expect that with appropriate modifications of our methods, it might be possible to obtain ana-
logues of Theorems 1.1, 1.2 and 1.3 (with more limited ranges of unformity in q) when {G/}}¥,
are not Q-linearly independent: from the arguments we shall give for our main results, it seems
reasonable to expect that the corresponding ranges of ¢ and restrictions on the inputs n should
then depend on the rank of the matrix of coefficients of the polynomials {G}}X,.

We conclude this introductory section with the remark that although for the sake of simplicity
of statements, we have been assuming that our additive functions {g;}, and polynomials
{G;}M | are both fixed, our proofs of Theorems 1.1, 1.2, 1.3 and 1.4 will reveal that these
results are also uniform in the additive functions {g;}}, as long as they are defined by the
fixed polynomials {G;}¥,.

Notation and conventions: Given polynomials Gy, ...,Gy; € Z[T], we shall always use D
and Dy, to denote the maximum and the minimum of the degrees of the G, respectively. As
mentioned previously, we shall use Py(n) to denote the k-th largest prime factor of n (counted
with multiplicity), P(n) to denote Pj(n), and P~ (n) to denote the least prime divisor of n.
We denote the number of primes dividing ¢ counted with and without multiplicity by €©(q)
and w(q) respectively, and we write U, to denote the group of units (or multiplicative group)
modulo ¢, so that #U, = ¢(q), the Euler totient of ¢. When there is no danger of confusion,
we shall write (aq,...,a;) in place of ged(ay, ..., ay).

Throughout, the letters p and ¢ are reserved for primes. Implied constants in < and O-
notation, as well as implicit constants in qualifiers like “sufficiently large”, may always depend
on any parameters declared as “fixed”; in particular, they will always depend on the polyno-
mials Gy, ..., Gy. Other dependence will be noted explicitly (for example, with parentheses

~

or subscripts); notably, we shall use C(G) or Cg to denote constants depending only on the
vector G = (G1,...,Gy) of defining polynomials. For a nonzero polynomial H € Z[T], we
use ordy(H ) to denote the highest power of ¢ dividing all the coefficients of H; for an integer
m # 0, we shall sometimes use v,(m) in place of ordy(m). For a positive integer n, we define

QL ,(n) = Z k to be the number of prime divisors of n (counted with multiplicity) that

p¥n
p>q, k>1
exceed ¢ and do not exactly divide n (that is, appear to an exponent greater than 1 in the

prime factorization of n). We write log,, for the k-th iterate of the natural logarithm.

2. PRELIMINARY DISCUSSION: DELANGE’S EQUIDISTRIBUTION CRITERIA AND
CONSEQUENCES FOR POLYNOMIALLY-DEFINED ADDITIVE FUNCTIONS

The following result of Delange provides a characterization for when a single additive function
is equidistributed to a given integer modulus (see Theorem 1 and Remark 3.1.1 in [5]).

Proposition 2.1. Let f be an integral-valued additive function and ¢ > 1 a given integer.
Consider the sums Sy = Zp: () 1/p. Then f is equidistributed mod q if and only if S,
diverges for every odd prime { dividing q and one of the following hold:

(i) q is odd;
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(ii) 2 || q, and either Sy diverges or f(2) is odd for all r > 1;
(iii) 4 | q, Sy diverges, and either Sy diverges or f(2") is odd for all r > 1.

In his sequel [6] to the aforementioned paper, Delange characterizes when a given family
fi,-.., far of integral-valued additive functions is jointly equidistributed to a given integer
modulus ¢, by reducing the problem to the equidistribution of a single additive function. The
following is the relevant special case of Delange’s result (which corresponds to the assignment
¢, =1, 0 == ¢ in the result stated in section 4 of [6]).

Proposition 2.2. A given family f1,..., far of integral-valued additive functions is jointly
equidistributed modulo ¢ > 1 if and only if for all integers ky, ..., kys satisfying ged(ky, ... ky) =
1,2 the additive function kyfy + -+ + ka far is equidistributed mod q.

We remark that the formulation above is equivalent to that in [6, Section 4], which is stated
with the additional restriction that ki, ..., ky € {0,...,¢—1}. Indeed, assume that Zf‘il Nii
is equidistributed mod ¢ for all (A1,...,Ay) € {0,1---,¢— 1} satisfying ged(Ay, ..., Ay) =
1. We claim that Zf\il kig; is equidistributed mod ¢ for all (ky,..., ky) € ZM satisfy-
ing ged(ky, ..., ky) = 1. To see this, we consider any tuple (ki,...,ky) € ZM having
ged(ky, ... ky) = 1, and let K, ... Ky, € {0,1,...,¢ — 1} be the unique integers satisfy-
ing k} = k; (mod ¢). Then d’' = ged(ky,...,k)y,) € {1,...,¢ — 1} must be coprime to ¢, for
otherwise, there is a prime ¢ dividing ged(q, k1, . . ., k},) hence also dividing ged(q, k1, . . ., k)
= 1. Write &, = d'k] for some kY,... kY, € {0,1,...,¢ — 1} having ged(k{,...,k};) = 1.
Since d' is invertible mod ¢ and the function ZM k! g; is equidistributed mod ¢, it follows so

i=1 "

is the function S0 kigi, as S kigi = Som klgi = d' SO kg (mod q).

i=1" 7

Propositions 2.1 and 2.2 lead to the following consequences in our setting of polynomially-
defined additive functions, which is how they shall be useful to us. In what follows, for a given
polynomial G € Z[T], we let

b L
©(q) ©(q)

denote the proportion of unit residues v mod ¢ whose image under the polynomial G is also a
unit mod ¢. By the Chinese Remainder Theorem, we see that ac(q) =[], ac(€).

ag(q) = #(G_I(Uq) NUy) = #{v € Ug Gv) € Uq}

Lemma 2.3. Let g: N — Z be an additive function defined by a nonconstant polynomial
G € Z[T|. We can describe the set Q, = {q € N : g is equidistributed mod q} as follows:

(i) If2]g(2") for somer > 1, then Q4 = {q : ac(q) # 0}.
(il) If 24 g(2") for allv > 1 and if 4 | (G(1),G(3)), then
Qy=1{¢:21¢, agla) #0yU{g: 2l ¢, aclq/2) # 0}.

(iii) If 21 g(2") for allr > 1 and if 41 (G(1),G(3)), then Q, = {q : ag(q/2"*?) #£ 0}.

2Whenever we speak of ged(ky, ..., k), we assume implicitly that (ki,..., k) # (0,...,0).
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Proof. In what follows, let ¢’ := ¢/2"*@ denote the largest odd divisor of g. An application of
the Siegel-Walfisz Theorem with partial summation shows that for any divisor d > 1 of ¢ and
any X > e?, we have

SiX) =) 2= D =D D 2+ 04(1) = Bald)log, X +Oy(1),

p<X p< relUy  p<X

dtg(p) dtG(p) dtG(r) p=r mod d
where Sg(d) = ﬁ#{r € Uy : d 1 G(r)}. Letting X — oo, we deduce that the sum S; =
D dig(p) 1/P diverges if and only if Sg(d) # 0. But since fg({) = ag(() for any prime ¢,
Proposition 2.1 shows that if ¢ € Q,, then ag(¢) # 0 for all odd primes ¢ dividing ¢, so that
ag(q') # 0. On the other hand, if ag(q) # 0 for some ¢, then B¢ (¢) = ag(¢) # 0 for all primes
dividing ¢, so that S, diverges for all such primes, and Proposition 2.1 leads to ¢ € Q, (since
Sy > S;). In summary, we have so far shown that {¢ : aq(q) # 0} C Q, C {q : ac(¢') # 0},
which in particular means that {¢:21{¢q, ¢ € Q,} ={¢:21¢, ac(q) # 0}.

Now consider an even integer ¢ € Q,, so that it satisfies the necessary condition o (q’) # 0.

(i) If 2 | g(2") for some r > 1, then by Proposition 2.1, the sum Sy must diverge. By
the above discussion, this means that ag(2) = (5(2) must be nonzero, leading to
ag(q) # 0. Hence, in this case Q, = {q : a¢(q) # 0}.

(ii) Suppose 2 t g(2") for all » > 1 and 4 | (G(1),G(3)). Then ag(2) = 0, so that by
Proposition 2.1(ii) and the discussion in the previous paragraph, we have {q : 2 ||
¢, ¢ € 9y} ={q:2| ¢ ac(q/2) # 0}. Moreover, no positive integer divisible by 4
can lie in Qg : this follows by Proposition 2.1(iii), since the condition 4 | (G(1), G(3))
implies that fz(4) = 0, and that Sy converges. Hence, in this case Q, is as in the
statement of the lemma.

(iii) Finally if 2 1 g(2") for all » > 1 and if 4 1 (G(1), G(3)), then Sy diverges, and Proposi-
tion 2.1 along with the inclusions obtained in the previous paragraph show that ¢ lies
in Q, if and only if a(q') # 0.

This completes the proof of the lemma. U

The following observation paves the way for a simple application of Proposition 2.2 in the
setting of polynomially-defined additive functions.

Lemma 2.4. Let M > 2 and g1, ...,9m : N — Z be additive functions defined by the noncon-
stant polynomials Gy,...,Gy € Z[T], and let £ be a prime. If p GyrskyGy (L) # 0 for all
integer tuples (ki,...,kn) satisfying ged(ky, ..., ky) = 1, then the polynomials Gy, ..., Gy
must be Fy-linearly independent. Further, if ¢ > D + 1, then this condition is also sufficient.

Proof. To establish the first assertion, we assume by way of contradiction that there exist
fi1, - par € {0,1,...,£—1} not all zero, such that S-*  11,G,(T) vanishes identically in Fy[T7].
We will construct integers ki, ..., ky satisfying ged(kq, ..., ky) = 1 and aw, gy 4otkyy 60y () =
0. To that end, consider some i € [M] for which p; Z 0 (mod ¢) and let k. = pu, for all

re [M]\{i}.
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Now choose any j € [M]\ {i}. By the Chinese Remainder Theorem, there exists an integer k;
such that k; = p; (mod /) and ged(k;, k;) = 1. With this choice of integers (K1, ..., k), we see
that ged(kq, - -+, kay) = 1 and that the polynomial 27]«\4:1 k.G.(T) = Zi\il p-G(T) (mod ¢) is
identically zero in F,[T], so that o, 4+ +ky,6, (€) = 0. This proves the first assertion of the
lemma.

To show the second assertion, we consider any prime ¢ > D 4 1. Suppose there did exist
a tuple of integers (ki,...,kn) satisfying ged(ky, ..., ky) = 1 and ag,gy4 k60 (€) = 0.
Then on the one hand, (ki,...,ky) Z£ (0,...,0) (mod £). On the other hand, the polynomial
S M k.G(T) (considered as an element of F,[T]) has degree at most D but has at least
#U; = p(f) = £ —1 > D roots in Fy. As such, M k,G,(T) vanishes identically in F,[T]
yielding a nontrivial Fy-linear dependence relation between the {G,} . O

We remark that the matrix of coefficients alluded to towards the end of the introduction will
play a pivotal role in our arguments. To set things up, we write G(T) =: ZDfol a;, " for
some integers {a;, : 1 < i < M,0 < r < D — 1}, so that a;p_1 # 0 for some ¢ (since
D = max;<;<p deg G;). Note that since G; € Z[T], we have (r 4+ 1) | a;, for all i € [M] and
0 <r < D —1. By the matrix of coefficients or coefficient matrix of the polynomials {G}1<i<m,
we shall mean the D x M integer matrix

1,0 ce ap,0
(21) AO =
ai1.p-1 - ApMD-1

whose the i-th column lists the coefficients of the polynomial G’ in ascending order of the degree
of T. Tt is important to note that if the polynomials {G’}M, are Q-linearly independent, then
the columns of the matrix Ay form Q-linearly 1ndependent vectors, so that Ay has full rank.
As such, the Smith normal form Sy of Ay only has nonzero entries on its main diagonal. In
other words, Ay has exactly M invariant factors fy,..., Sy € Z\ {0}, which must also satisfy
Bi | Biy1 for all 1 < i < M. Furthermore, since S is obtained from Ay by a base change over
Z, it follows that the primes ¢ for which the columns of Ay (or equivalently, the polynomials
{G’ M) are Fy-linearly dependent are precisely those which divide at least one of the 3
(or equivalently, those which divide f5r). As a consequence, letting C’O(G) be any constant
exceeding max{D + 1, |Bx|} (so that C’O(G) depends only on the vector G = (G1,...,Gn)),
we see that:

(2.2) The polynomials {G/}M, are F-linearly independent for all primes ¢ > Co(G).

Our arguments leading to (2.2) show that under the weaker hypothesis that the polynomials
{G;}M, are Q-linearly independent, then there exists a constant Cl(G) > D + 1 such that

{G;}M, are F-linearly independent for all ¢ > Cy(G). Note that if {G}}M, are Q (respectively,
[Fy)-linearly independent, then so are {G;}M,. Hence, if {G/}M, are Q linearly independent,

then with Co(G) as in (2.2), the {G;}M, are also F,-linearly independent for any prime ¢ >

C’O(CA;'). Combining these observations with Proposition 2.2 and Lemmas 2.3 and 2.4, we obtain
the following useful consequence.
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Corollary 2.5. Let g1,...,9m @ N — Z be additive functions defined by the nonconstant
polynomials G1,...,Gy € Z[T). Then for any q > 1 with P~(q) > D + 1, the functions
g1, -, gu are jointly equidistributed mod q if and only if the polynomials {G;}M, are -
linearly independent for every prime £ | q. In particular,

(i) If the polynomials {G; Y™, are Q-linearly independent (so that Cy(G) exists), then any
q having P~(q) > C\(G) lies in Qg . gu)-

(i) If the polynomials {G.}M, are Q-linearly independent (so that C’O(@) exists), then any
q having P~(q) > Co(G) lies in Qg .gur)-

3. PREPARATION FOR THEOREMS 1.1, 1.2 AND 1.3: OBTAINING THE MAIN TERM
We start by defining
J = J(x) = |logs x].
Let § € (0,1] be as in the statement of Theorem 1.1; the development in this section will also
go through in Theorems 1.2 and 1.3 with (say) 0 := 1. We define
y = exp ((log2)""2)

and call a positive integer n < x convenenient if the J largest prime divisors of n exceed y and
exactly divide n, that is, if

max{P;1(n),y} < P;(n) <--- < Pi(n).
Any convenient n can thus be uniquely written in the form mP; --- Py, with
(3.1) L, =max{y, P(m)} < P; <--- < P,.
We will show that the convenient n give the most dominant contribution to the counts con-

sidered in Theorems 1.1, 1.2 and 1.3.

Proposition 3.1. Fiz K, M > 1 and let g1, . . ., gy be additive functions defined by the noncon-
stant polynomials Gy, ..., Gy € Z[T], such that {G’}1<;<pm C Q[T are Q-linearly independent.
Let D = max;<;<) deg G;. We have

#{n < x:n convenient, (Vi) g;(n) =0b; (mod q)} ~ iM, as x — 00,
q
uniformly in moduli ¢ < (logz)X lying in Qgr,gar): and in residues by, ..., by mod q.
Proof. Writing each convenient n uniquely in the form mP; - - - P;, where m, Py, ..., P; satisfy

(3.1), we find that ¢g;(n) = g;(m) + Z;’zl Gi(Pj). The conditions g;(n) = b; (mod q) (1 <i <
M) can then be rewritten as (P,..., P;) mod g € V.. =V (q; (bi — gi(m))2,), where

Viar (@ (wi)idy) = {(vl,-.-,w) € (U (i) Y Gi(v;) = w; (mod q)}-

j=1
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(Note that this set can be defined for any set of polynomials {G;}, regardless of whether or
not they come from a set of additive functions.) As a consequence,

2. e 2 2

n<x convenient m<x (V1,007)EVY Py,... Py
(Vi) gi(n)=b; (mod q) P--Py<z/m
L <Pj<---<Pi
(V4) Pj=v; (mod q)

(3.2)
1
=) > i 2 b
m<z (v1,..,07)EV] Py,....,P;>Lm
Py--Py<z/m

Py,...,Py distinct
(V4) Pj=v; (mod q)

where in the last equality above, we have noted that the conditions P, --- P; < x/m and
(Pr,...,Py) mod ¢ €V, are both independent of the ordering of Py, ..., Py.

We now estimate the innermost sum on P, ..., P; by removing the congruence conditions on
the P;. For each tuple (vy,...,v;) mod g € V, ., we see that
2 1= > > L
Pi,...P;>Lm Py,....P;>Lm P1#Ps,...,Py
Plpng/m PQPJSIZ‘/mLm Lm<P1§x/mP2PJ
P,...,P; distinct Ps,...,P; distinct Pi=v; (mod q)
(V) Pj=v; (mod q) (Vi) Pj=v; (mod q)

Since L,, >y and q < (logz)® = (logy)?X/?, the Siegel-Walfisz theorem [14, Corollary 11.21]
yields

o= @ > 140 <m eXP(—Co\/@)) ,

Pi#£DP;,... Py Pi#P,....Py
Lm<P1§CC/mP2~~PJ Lm<P1§1‘/mP2“~PJ
Pi=v; (mod q)

for some positive constant Cy := Cy(K, ) depending only on K and ¢. Putting this back into
the last display, we find that

Z 1 = @ Z 1+ 0 (%eXp (—300(108;%)5/4)),

P1,...,P;>Ly, Pi,....P;>Lm
Pi--Py<z/m Pi--Py<z/m
P,...,Py distinct P,...,Py distinct
(V4) Pj=v; (mod q) (V§>2) Pj=v; (mod q)

where we have put the bound
J—1

> e < (0] < e < epiofon ).
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Proceeding in the same way to successively remove the congruence conditions on P, ..., Py,
we deduce that

(3.3) > oo1= so(é)*’ oo+ O(Eexp (—iC’O(Iogm)‘s/‘l)).

Pi,....P;>Lm Py,....,P;>Lm
P--Py<z/m Py--Py<z/m
P1,...,Py distinct P1,...,Py distinct

(V4) Pj=v; (mod q)

Inserting this estimate into (3.2) and noting that #V; , < ¢(q)” < (logz)*”, we obtain

(3.4) Z 1= ;% (% Z 1) + 0 (xexp (—-co<1ogx)5/4))

n<z convenient < Pi,...P;>Lm
(Vi) gi(n)=b; (mod q) Py--Py<z/m
P1,...,Py distinct

The following proposition, which we shall establish momentarily, will provide the desired es-
timate on the cardinalities of the sets V, .. For future convenience and independent interest,
we state it in slightly greater generality than necessary in our immediate application.

Proposition 3.2. Let Gy,..., Gy € Z[T] be nonconstant polynomials, such that {G’}1<i<p C
Z[T) are Q- linearly independent. Let D = Max <;< deg G; and C = C(G) be a constant
exceeding max{Co(G), (2D)2P+4}, where Cy(G) is the constant in (2.2). We have

#VN,M (q; (wz)z]\il)

o)
M M
V 3 i) i— 1 2D N
_ (%o #N,M(Qo(w)z_1)+o 1 H 140 (2D) ’
q o(Qo)N ON g ¢N/D—M
e
uniformly in N > MD + 1, in all positive integers q¢ > 1, and in residue classes wy, ..., wyy

mod q, where Qo is a divisor of q of size O(1) supported on primes at most C'.

To estimate the count #V, , in (3.4), we apply the above proposition with NV := J which goes
to infinity with x and hence exceeds M D + 1 for all sufficiently large x. For the same reason,
we find that as x — oo,

(2D)N !
IN/D—M = (2D) ZW/ D+2) CJ/ 2D+4 Z@ = 01/ 2D+4) = o(1).
£>C

£lg £>2

>C

As such, an application of the above proposition yields

S Pt )




12 AKASH SINGHA ROY

uniformly in ¢ and (wy, ..., wy) mod g, where Q) | ¢ and Qo = O(1). In particular, this same
estimate holds for V!, =V (¢; (b — gi(m))}X,), and we obtain from (3.4),

s e (@) (el (h T )

n<zx convenient < P1,...,P;>Ly,
(V4) gi(n)=b; (mod q) Pyi--Py<z/m
Py,...,Py distinct

+ O (x exp <—éC’0(log x)5/4))

Ca (@) S5 (5 T ) ()

Py--Pr<z/m
P1,...,P; distinct

where we have recalled that

S ) 5 )

m<x Py,...,Py>Lp m<x 1 yeeey Py
PPy<z/m PrPy<a/m
Py,...,Py distinct Lin<Pj<--<Py

But now, applying the estimate (3.4) with @)y playing the role of ¢, we find that

Qo M L
1= (o) (= > 1+ o(—=].
n<z convenient q n<z convenient 4
(Vi) gi(n)=b; (mod q) (Vi) gi(n)=b; (mod Qo)
Recall that any inconvenient n < x either has Pj(n) < y or has a repeated prime fac-
tor exceeding y. The number of n < x satisfying the latter condition is no more than
Doy Dom<a: p2ln L S T ,0, 1/p* < xfy = o(x). Moreover, by [17, Lemma 2.3], the num-

ber of n < x having P;(n) <y is < z(logy ¥)’~1/(log x)'~° which is also o(z). This yields

> 1= (1o (@)M > 1+ o(i)
. . q g
n<x convenient n<x
(Vi) gi(n)=b; (mod q) (V4) gi(n)=b; (mod Qo)
Finally, since ¢ lies in Qg ... 4,,), S0 does its divisor Qy, and as Qo = O(1), the sum occurring
on the right hand side above is (1 + o(1))x/Q}’. This completes the proof of Proposition 3.1,
up to that of Proposition 3.2. U

Before beginning the proof of Proposition 3.2, we state some (relevant special cases of ) known
bounds on mixed exponential sums, which will provide some key technical inputs in our argu-
ments. First, we have the renowned bound of Weil [21] coming from his work on the Riemann
Hypothesis for curves over a finite field (see also Schmidt [19, chapter II, Corollary 2F]). In
what follows, we set e(t) := exp(2mit). For a positive integer @), we use xo ¢ to denote the triv-
ial (or principal) character mod . For a prime ¢, xo, is also the principal character modulo
any power of /.
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Proposition 3.3. Let F' € Z[T] be a polynomial of degree Dy > 1, and let £ > Dqy be a prime
such that F' doesn’t reduce to a constant modulo €. Then we have

> Xoe(w)e(F(v)/0)] < Dol

v mod /¢

We will also need analogues of the above bound for prime powers, which have been obtained
by Cochrane and Zheng [4, equation (1.13), Theorems 1.1 and 8.1]. (See [3] for more general
results.) In what follows, for a nonconstant polynomial F' € Z[T] and a prime ¢, we define
to(F) = ordy(F"), that is t,(F") is the highest power of ¢ dividing the coefficients of the
polynomial F’. Let Ap, denote the set of nonzero roots in F, of the polynomial ¢~ F”
(considered as a nonzero element of F[T]). We use M,(F) to denote the maximum of the
multiplicities of the zeros of £=*()F" in F,, with M,(F) := oo if there is no such zero.

Proposition 3.4. Let F' € Z[T| be a polynomial of degree Dy > 1, and let (¢ be a prime power
such that F doesn’t reduce to a constant modulo (. Let t == t,(F) and M = M,(F).

(i) If € > 2 and e > t + 2, then

Z Xos(v)e(F(v)/€°)| < Do.gt/(MH) L pe(1=1/(M+1))

Proof of Proposition 3.2. We start by showing that
. ") (e N 2D N
(35) #VNM (6 ( )z 1) = 26—]\3 (1 + 0 (K(N/D>M

uniformly for all primes ¢ > C' = C(@), positive integers ¢ > 1 and N > MD + 1, and
w; € Z/C°Z. Indeed, by the orthogonality of additive characters, we can write

(3.6)

#Vnvoar (€5 (w)ihy) = # {(vl, cun) € (Ue)N 2 (Vi) ) Gi(vy) = wy (mod ee)}

j=1
M 1 N
Triw; T
= 2 (e Z ) ()
(V1500 un ) E(Upe)N i=1 r; mod £¢ Jj=1
M
SO(EE)N 1 1 N
- peM 1+ QO(KE)N € _g_e ZT}U)Z (de T1yee TM)
(r1,-.-,ma0)#Z(0,...,0) mod €€ i=1
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where Zse.p, vy = Z Xo.e(v ( 7 Zrz i and X denotes the trivial character mod

v mod ¢¢
¢¢ (which is also the trivial character mod ). Now in the case D = 1, we must have M = 1, so

that we may write G1(1T") = AT + B for some integers A # 0 and B. For each nonzero residue

r mod £¢, we have r = (¢~°7" for some ey € {1,---,e} and some coprime residue r’ mod
(0. Hence, |Zge.,| = ¢ ‘Z v mod £ e( "Av/le°)|. The last sum being a Ramanujan sum is
cd (v,£¢0 )=

nonzero precisely when £~ |’ A (see properties of Ramanujan sums in [9] and [14]). But this
forces ey = 1 because £ 1 A (by definition of Co(G) = Co({G1})) and £ ' (by definition of 7.
If eg = 1, then |Zp,,| < (¢~ and since there are at most ¢ many residues » mod ¢¢ which are
divisible by ¢~ we find from (3.6) that

#Vnor (5 (wi)ity) = @(iZ)N {1 +0 (gp(gle)N L M€_1)N)} - (p(i—:)N {1 O (KiNl)}

uniformly in N > 1. This establishes the bound (3.5) in the case D = 1, so in order to complete
the proof of (3.5), we may assume that D > 2.

Now for a given tuple (rq,...,7ry) Z (0,...,0) mod ¢¢, we must have ged(¢¢, 7, ..., 7y ) = €67
for some 1 < ey < e. Hence, we can write r; :== ¢~/ for some (r],...,r},) mod ¢ satisfying

(... ) Z (0,...,0) mod ¢, which shows that

M
| Zesry,rar| = £ Z Xo,e(v 70 ZTG( = Z Xo,e(v <€€0)> :

v mod £°0 i=1 v mod £€0

where F(T') = wal r(Gi(T) = Gi(0)). Now we observe that since ¢ > C(G) > Cy(G), the
polynomials {G}}M, are F/-linearly independent, hence so are the polynomials {G; —G;(0)}M,.
This prevents the polynomial F' from reducing to a constant mod ¢ (for if it did, then this
constant would be zero). Consequently, if ey = 1, then Proposition 3.3 yields ]dem 77777
¢e=¢ . D2 = D¢e=1/2. On the other hand, if ey > 2, then from Proposition 3.4(i), we
obtain | Zye.py. .| < €670 - DLo(=YD) = pye=eo/D: here we have noted that ¢ > C > 2,
to(F) = ordy(F") = ordy( M, 71GY) = 0 < eg — 2 and that My(F) < deg(F’) < D — 1. For

each 1 < e < e, there are at most M many possible tuples (r,...,77,) mod £%°, hence at
most (M tuples (r1,...,ry) mod (¢ satisfying ged (€%, 71, ..., ry) = 7. We deduce that

Z |Z€6;T1 77777 T’M| <€M (Dfe 1/2 Z geoM DVe eo/D)

(714e-,mar)Z(0,...,0) mod £¢ 2<eg<e
< Z EEOM ge eo/D)N DNg(iN 1 << DNgeN
EN/D M (KN/D7M>T gN/DfM’
1<ep<e r>0

where the last bound uses the fact that N/D — M > 1/D, so that the last sum occurring in
the above display is no more than 22*’"/ D <« 1. (It is while passing from the first line to the

r>0
second in the above display where we use the assumption that D > 2.) Inserting the bound
obtained above into (3.6) and noting that ¢/(¢ — 1) < 2 completes the proof of estimate (3.5).



EQUIDISTRIBUTION OF FAMILIES OF POLYNOMIALLY-DEFINED ADDITIVE FUNCTIONS 15

Given an arbitrary positive integer ¢, let ¢ := [ ], ¢° denote the largest divisor of ¢ supported
(<C
on primes not exceeding the constant C' (the “C-smooth part” of ¢). We can again invoke the

orthogonality of additive characters to write, for any tuple of residues (wy, ..., wy;) mod g,

#VN,M (@v; (wz)f\il) = # {(Ul, oy € (UN (Vi) ZGi(vj) = w; (mod E])}

1 i N
:qN_M Z e _Ezriwi (Zti;m,---mM) )

T1,..,7 7 mod g

(3.7)

M
where Zz.p, 1y = Z Xog(v)e (%ZWQ(’U)) and Yy denotes the trivial character mod gq.
i=1

v mod q

Now with i, ..., 8y being the invariant factors of the matrix Ay defined in (2.1) (listed in

~

ascending order), we fix R := R(G) € N>, to be any integer constant such that
R > CD(4D|Bm|)°.

Let Q1 = [Tz espn " and Qo = q/Q1 = [T ™™™ = Tlpeyge <o ™™, s0 that
Qo | ¢ and Qo < [ 0" < 1. We write #Vy u (¢ (w)M,) = 5"+ S”, where S’ counts the
contribution of all tuples (r1,...,7y) mod ¢ where all the components r; are divisible by @1,

that is,
1 1
N
S, = = Z (& _:Zr’iwi (Z?i;n ----- TIVI) :
q _ q =
T1,...,F 7 Mmod q g
(T1,...,7“AI)E(O,...,O) mod Ql
Any tuple (ry,...,ry) mod ¢ counted in S’ is thus of the form (Qisy,...,Q1sy) for some

tuple (s1,...,sy) mod Qo that is uniquely determined by (rq,..., 7). We find that

M

1
Z‘qv;Tl,...,T]W = Z Xo’a(v>e Q_ZSZGZ(U>
v mod q 0 i=1
M
! (@)
= Z XO,QO(U)Q Q—ZSZG1<U> Z ]_ = gp(@ ) ZQO§51,~~~,S]\/1
u mod Qo 0 i=1 veUs 0

v=u mod Qg

where the last equality above follows from a simple counting argument. Consequently,

1 (@ \" L\ v
s-w (foy) 2 6(—@25”‘”) o)

81,-.-,8p mod Qo

An application of the orthogonality identity (3.7) with @)y playing the role of ¢ yields

(3.8) S = (%)M ((;O(gz))N#VN,M (Qo; (wi)iZy) -
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Now we consider the sum

S" = aiM Z <__ 27”le> qri,e :TA{)N :

71,...,7pr mod q
(r1,...,rar)Z(0,...,0) mod Q1
Consider any tuple (r1,...,7y) mod ¢ occurring in S”. By the definition of @), there exists
a prime power (¢ || ¢ for which e > R but v,(ged(ry,..., 7)) < e — R. Letting Q' =
q/ egcd(q, 1, ..., ra) and vl = r;/ ged(q,r1, ..., ra) (for 1 < i < M), we therefore deduce that
for any such aforementioned prime ¢, we have v,(Q') > R, so that @’ is not (R + 1)-free.
Moreover, ri,...,r), are uniquely determined mod @’ and satisfy ged(Q’,7},...,7,) = 1.
Now for each i, we can write r{/Q" = 3, g 17 ,/¢ mod 1, where the sum is over the prime

powers (“ exactly dividing Q’; * here, for each (¢ || Q, 7; ¢ is uniquely determined mod (°
by the relation 77, [[per o P = 7 (mod £¢). Since ged(Q',77,...,7),) = 1, it follows that

pAL
(1 ged(ry g, ... 1m)y,) for each prime ¢ | Q. By the Chinese Remainder Theorem, we can factor
M
1 v(q)
(3.9)  Zgr.. Z Xo.r (v (@ > T;Gi(v)> = 0 || R
v mod Q' i=1 Lee]|Q’

Write GJ(T) =: ZJD 01 ai ;77 as in the discussion preceding (2.1). We claim that for any prime
t1Q,

M
(3.10) T tg(?’ib .. T’MZ) = ordy (Z 7“27ng> =y ( ged Za” M) < ve(Bum),

i—1 0<j<D-1

where (recall) 1, ..., By are the invariant factors of the matrix Ay in (2.1). The third equality
simply follows from the fact that 3 i Gi(T) = Zf:_ol (Zf\il a/LjT;’g) T7. To show the
inequality in (3.10), it suffices to show that ¢ must divide Sy, To do the latter, we recall
that, by the theory of modules over a principal ideal domain, that there exist a D x D integer
matrix Py and an M x M integer matrix Ry such that det Py, det Ry € {£1} and PyAoRy is the
Smith normal form Sy of Ay. As such, PyAg = SoRy ! where the matrix Ry ! has integer entries
(ki;)1<ij<p- Now £% divides all the numbers {37V, a; 70+ 0 < j < D—1}, which are precisely
the entries of the matrix Ao (1}, ... 7h,,)" (here (1, ... 7h,)" denotes the column vector

T

listing the r/,). As such, (" also divides the entries of the matrix PyAg (17, ... 7,)", and

hence also those of the matrix
Br(kiary e+ + kimri,)

(3.11) SoRM | = | Bu(karario+ -+ kamrig )
0
/

0
Dx1

3We are just applying Bezout’s identity; equivalently, this may be thought of as partial fraction decomposi-
tion over the integers.
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But now if £ divides all of the numbers k117 4 +kipry g skaary gt Ry
then
e kiarh o+ ki, 0
Ry'| = = (mod ?).
TEVI:K Mx1 kM’lrllvg_'_“._FkM’Mﬂwvé Mx1 0 Mx1
This forces £ to divide ged(r 4, . . ., 7y ,), Which is impossible since £ | Q" (see the line preceding

(3.9)). Since ¢*¢ divides the entries of the rightmost matrix in (3.11), it follows that ¢ must
divide at least one of the invariant factors [3;, and hence must also divide ;. This establishes
our claim (3.10).

We will now show that for any prime power (¢ || @)’ for which e, > R, we have

> o or0

v mod £°¢

To show this, we note that since G4(T") = Zf o ai;T7, we have G4(T) —G;(0) = Z;) " Ja_fl T+
(recall that (j + 1) | a;;), so that with

(3.13) ¢¢ = ordy (Z i (Gi(T) — Gz@))) = Vg ( ged —Ziz.l aidr;l) :

— o<j<p-1 J+1

(312) |Z€el;r’le

! ’ pu—
AR TM,e

< 2D|ﬁM|gee(1*1/D)_

we have

=
AR TM,e

XOf ey —c 766 Z ik U]+1>
v mod £°¢ K o j= ‘] + 1
F(v)
> Xoelv)e (ﬁ) '

v mod £°£~

= (o

J+1

~ M aijrl- i ~
where F(T) = Y23 <£—ceM) Ti+! € Z[T]. By (3.13) and (3.10), we see that I
cannot reduce to a constant mod ¢ and that ¢, < ¢, < vy(SByr). Furthermore, (3.10) also shows
that Ol"dg(F,) = ordy <ZD ! (Z?ﬁl aiJr;’e) Tj> —g=tr—c <vPy)—c < R-3—¢ <

(e¢ —co) — 3. (Here we use ey > R > |Ba| +3.) Consequently, some subpart of Proposition 3.4
applies, yielding

| < ¢er 9 Dgorde(F) | pleg—ce)(1=1/(M(F)+1))

! /
WA TM,e

< e 9 DpveBu)—ce | pee(1-1/D) < 2D|BM|€GZ(1_1/D)‘

Here, M,(F) is the largest multiplicity of a zero in F; of the polynomial £~ orde(F) [ and we
have used that this multiplicity is no more than deg(F") < D — 1. This establishes (3.12).

Applying the bound (3 12) to each prime power (¢ || Q’ for which e, > R, and applying the

.....
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(3.9) yields

|Zq~;r1 ..... TM| S ( ( H 90 gez ) . ( H 2D|6M|€ez(1—1/D)>
4 e’ o)
ee<R ee>R
geg (1-1/D) QO(CT)
< (QD‘ﬁM‘ ~) H ( ﬁee < (4D‘BM’>O AI/D.
e
er>R

Here A denotes the (R + 1)-full part of " and in the last bound above, we have noted that
w(Q") <w(q) < <1 < C. Note that since Q' is not (R + 1)-free, we have A > 1.

Applying this bound for each of the sums Zz,, occurring in S”; we obtain

»»»» M

5" < (4D’ﬁM(|7)]\jN‘P(® Z ﬁ Z Z 1.

Alg: A>1 Q' sy T1,-.,7 7 mod q
Ais (R+1)-full Q'|g: (R+1) full part of Q' is A Q' Q/ ged(q,r1,e-mar)
715 mod Q (V) ri=ri/ged(@,r1,e-»rar)

Since any choice of @’ | ¢ and residues r}, ..., 7, mod @ uniquely determines rq, ...,y mod
q by the relations r; = riq/Q’, we see that

. 4Dﬂ CN N 1
|5|§( !M(Ij)Mw@ Z - Z Z 1

Alg: A>1 Q'lq 7,y mod Q'
A is (R+1)-full (RA+1)-full part of Q" is A ged(r},...,rh,,Q")=1
CN N
= M E : AN/D E : :
Alg: A>1 Q'ld
A is (R+1)-full (R+1)-full part of Q' is A

Now any divisor @’ of ¢ with (R + 1)-full part equal to A must be of the form Ad for some
(R + 1)-free divisor d of ¢, and d < ][5 07 < e 7 < CY" < 1. Consequently the

innermost sum in the last expression above is at most AM Y~ dlg dM < AM | leading to
d is (R+1)-free
1" <4D|BM|)CN90<®N 1
(3.14) 5] « A > v

Al A>1
Ais (R+1)-full

Since N > M D + 1, we have N/D — M > 1/D, so that for all primes /,

DO | —

1 1 1 21/ 2D -2YP _ 2D?
2 < 2 D < < <F <
(u(N/D—M) = p(R+1)(N/D—M) gv/D g(R+1 (N/JD—M) 91/D _ | = 9(R+1)/D R
v>R+1
(Here, we have noted that 21/P — 1 = exp(log2/D) — 1 > log2/D > 1/2D and that 2%/ >
R/D > 4D.) This means that for all primes ¢ < C', we have

| 1 1 1 1 1 < 1
08 T Z (v(N/D—M) < Z (v(N/D—M) < ¢(R+1)(N/D—M) < (RN/D = 9RN/D’
v>R+1 v>R+1
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and since ¢ is C-smooth, this leads to

1 1 1 1
S e <IL (14 X i) -1 o0 (0 (5mm) ) < < v

Al A>1 0q v>R+1
Ais (R+1)-full

Inserting this into (3.14), we obtain

5 < ((4D|5/M|)C)N p@" _ oone@"
9QR/D -

noting in the last step that (4D|By|)¢ /2%/P < D(4D|Bu|)¢ /R < C~1, by the definition of R.
From (3.8), we now obtain

M M
~ #V , Qo; (w; i= _
#VN,M (q, (UJl)l]\il) = Sl + SH = (%) @(Ej)N Al ( 0 EV ) 1> -+ O (C N) .
q ¢(Qo)
Finally, writing #Vy (¢; (wi)X)) = #Vnvar (¢ (wi) ) L)y o5c #VNu (€25 (wy)M,), and
invoking the estimate above for #Vy s (¢; (w;),) in conjunction with (3.5) for all the powers
¢¢ || q of primes ¢ > C', we obtain the estimate claimed in Proposition 3.2. O

P P

4. JOINT EQUIDISTRIBUTION WITHOUT INPUT RESTRICTION: PROOF OF THEOREM 1.1

By Proposition 3.1, it remains to show that the count of inconvenient n < x for which all the
gi(n) = b; (mod q) is o(z/q¢™) as x — oo in the prescribed ranges of q. Setting z = z!/1°827
we first remove from these n < x, the ones that either have P(n) < z or have a repeated prime
factor exceeding y. By known estimates on smooth numbers [20, Theorem 5.13 and Corollary
5.19, Chapter IIL5], the number of n < z having P(n) < z is O (z/(log z)ITe()les =) and as
seen before, the number of n < z having a repeated prime factor exceeding y is O(x/y). Both
of these bounds being o(z/¢™), it suffices to consider the contribution 34 of those inconvenient
n < x which have P(n) > z and do not possess any repeated prime factor exceeding y.

By the definition of “inconvenient”, any n counted in ¥y must also have P;(n) < y, and hence
can be written in the form n = mP, where P := P(n) > z, P;(m) <y and gcd(m, P) = 1. As
such, g;(n) = g;(m) + G;(P), and the congruence g;(n) = b; (mod ¢) shows that P mod ¢ lies
in the set Vi (¢; (bi — g:(m))M,). Setting

gé(Q) = max{#vl,M (Q7 (wz)f\il) Wy, WM mod q}7

the Brun-Titchmarsh theorem shows that for a given m, the number of possibilities for P is
no more than

i x/—m £a(q) zlogyx
(4.1 2SSOt € ) e

P mod ¢ GVl,M(q;(bi—gi(m) i\i1)

To estimate the sum of 1/m over m < z having P;(m) < y, we write each such m in the form
BA where P(B) <y < P7(A) and Q(A) < J. As such, the sum of the reciprocals of the
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possible A is at most

J
> g (HZ;%) < (2l0gy 2)” < exp (O((logg 7)*)) .

p<z

while the sum of the reciprocals of the possible B is no more than

Z éSH(“F%ﬂLO(Z%)) < exp <Z%+O(1)> < logy.

B: P(B)<y Py
Collecting estimates, we obtain

(4.2) Z % < (logz)*"? exp (O((logy )?)) ,

m<x

P;(m)<y

which from the bound (4.1) reveals that

(4.3) S <

§ala) _wlogyw o &g w
;(Q) (log 2)1—9/2 exp (O((logg z) )) < Gq Tog 057"

We now proceed to show the assertions in the three subparts of the theorem.

(i), (ii) If at least one of G, ..., G is linear, then £5(¢) < 1 and we obtain ¥y < /¢(log 2)1=20/3,
This is o(x/¢™) as soon as ¢™~! < (logz)'~%. This condition is tautological if M = 1, and for
M > 2 it is equivalent to ¢ < (logz)(*=9/(M=1),

If ¢ is squarefree, then with D; = degGy, we see that #V (q; (w,)f\il) < #V11(q;wn)
= [1y, #V11 (Gwr) < (D1)*@ < (logx)*/'. (Here we have noted that for any sufficiently
large ¢, the polynomial G1(7T") — w; cannot vanish identically mod ¢, and hence has at most D,
roots mod £.) As such, from (4.3), it follows that ¥y < x/q(log x)*~3%/4. This is automatically
o(z/q™) if M =1, while for M > 2, we need only assume that ¢ < (log z)=9/(M=1),

(iii) Finally, assume (by relabelling if necessary) that deg G = Dp,. By a result of Konyagin
[10, 11] we have #Viar (¢; (w)M) < #Vi1(g;wi) < ¢~ Y/Pwin. (To be precise, we apply
Konyagin’s bound to the polynomial congruence (G1(T") — w;)/d = 0 (mod ¢/d), where d is
the greatest common divisor of ¢ and the coefficients of the polynomial G (7T") —w;. Note that
each solution mod ¢/d lifts to a solution mod ¢ in < d < 1 ways.) Consequently, we obtain
Yo < x/q"/Pmin(log £)'=20/3. This is o(z/¢™) as soon as ¢M~1/Pmin < (log2)'~?, completing
the proof of the theorem.

4.1. Optimality of range of ¢ in Theorem 1.1. We will now construct polynomials
G4, ...,Gy which will show that the various restrictions on the range of ¢ in Theorem 1.1
are all essentially optimal. To that end, let G € Z[T] be any monic polynomial having a
nonzero integer root a. Let G;(T) := G(T)’, so that the polynomials {G}}, having dis-
tinct degrees are automatically Q-linearly independent. Letting C'O(CAJ) be the constant coming

~

from (2.2), Corollary 2.5 shows that any integer ¢ having P~(q) > Co(G) lies in Q.. g0)-
Moreover, any prime p satisfying p = a (mod ¢) also satisfies G(p) = 0 (mod ¢), hence
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also gi(p) = Gi(p) = G(p)" = 0 (mod q) for all 4. As such, for all ¢ < (logz)¥ having
P~(q) > max{|al, Co(G)}, the Siegel-Walfisz Theorem yields

x x
E 1> E 1> > .
- o(q)logz ~ qlogx

n<x p<x
(Vi) gi(n)=0 (mod q) p=a (mod q)

For any M > 2, this last expression grows strictly faster than z/¢™ as soon as ¢™~1 grows
faster than log x, for instance if ¢ > (log 2)(**9/(M=1 This construction shows that the range
of ¢ in Theorem 1.1(ii) is essentially optimal.

Now consider any M > 1, D > 1, and let G(T) = (T — 1)%. Then with G;(T) = G(T)?, we
see that Dy, = d. For moduli ¢ of the form ¢¢ (for some ¢; > 1), any prime p = 1 (mod ¢;)

satisfies G(p) = (p — 1) = 0 (mod ¢q). Hence, if ¢ < (logz)® has P~ (q1) > Cy(G), then
g = ¢ < (logz)*? also has P~(q) > Cy(G), and we find that on the one hand ¢ € Q;

while on the other,
x x
1> 1> > .
Z - Z 90<Q1) log T ql/d log T

n<lz p<z
(Vi) gi(n)=0 (mod q) p=1 (mod ¢1)

glv"'vg]W)’

This last expression grows strictly faster than z/¢™ as soon as ¢™~'/? grows faster than log z,

for instance if ¢ > (log :U)(H‘S)(M_l/d)A. Since d = Dy, this example shows that the range of
q in Theorem 1.1(iii) is essentially optimal as well.

5. COMPLETE UNIFORMITY FOR GENERAL MODULI: PROOF OF THEOREM 1.2

In section 3, we had defined J = [logs 2| and for the purposes of this theorem, we took
§ = 1, so that y = exp((logz)'/?). If z is sufficiently large then any convenient n has
Pypysi1(n) > Pj(n) > y > q. Moreover, by [17, Lemma 2.3] the number of n < z having
Pypii(n) < qis o(z). By Proposition 3.1, it remains to show that there are o(x/¢™) many
inconvenient n < x having Py py1(n) > ¢ and satisfying g;(n) = b; (mod ¢) for all i.

Now by the arguments in the beginning of the previous section, the number of n < x which
either have P(n) < z = 2'/1°82% or have a repeated prime factor exceeding y is o(z/¢™). As
such, in order to complete the proof of the theorem, it suffices to show that

xr
(5.1) Z 1 < W

n<z: Prp41(n)>q
Pj(n)<y; P(n)>z
p>y = p*n
(Vi) gi(n)=b; (mod q)
uniformly in ¢ < (log 2)¥ and in residues (b1, ..., by) mod q.
Assume first that M > 2. To show (5.1) write the count on the left hand side as
Yo+ X1+ + X

where

e X, counts those n which are exactly divisible by at least M D + 1 many distinct primes
exceeding g,
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e For r € {1,2}, 3, counts the n that are exactly divisible by at least (M —r)D + 1 but
at most (M — r + 1)D many distinct primes exceeding ¢, and

e X counts the remaining n, namely, those that are exactly divisible by at most (M —2)D
many distinct primes exceeding q.

We proceed to show that the expression on the right hand side of (5.1) bounds each of ¥,
Y1, 3y and X. To do this, we shall bound the cardinalities of the sets Vy ur (q; (wz)i‘il) that
arise by discarding some of the congruences defining the set. The following consequence of
Proposition 3.2 will be useful: for any fixed r € {0,1,..., M — 1}, we have

5.9 Y, ) M—r p(q)M-IDH o((1 1-1/D
(5.2) #FV(M—r)D+1,M—r (q, (w;)i=y ) < T exp( (( 0g q) ))
uniformly in moduli ¢ > 1 and in residue classes (wy,...,wy) mod ¢q. Here, we have noted

that {G}M " are Q-linearly independent, that max; <<y, deg G; < D, and that

I1 (1 i) (ﬁ%)) <exp (O[> El% < exp (O ((loggq)' /7)),

g 2<w(q)

with the last sum on ¢ being bounded by partial summation and Chebyshev’s estimates.

Bounding >q: Any n counted in ¥, is exactly divisible by at least M D 4 1 many prime factors
exceeding ¢ and has P(n) > z, Py(n) < y. Hence, n can be written in the form mP; - - - Pyrp1,
where P, == P(n) > z, ¢ < Pypy1 < -+ < P, Py(m) <y and ged(m, Py -+ Pypy1) = 1.
As such, gi(n) = gi(m) + >, jcppy Gi(F) and the congruences g;(n) = b; (mod g) force
(P1,. .., Pypy1) mod ¢ to lie in the set V,,, == Viypi1m (q; (b; — gz(m))f‘il)

Given m and v = (vy,...,Upyps1) € Vi, we count the number of possible P, ..., Pypi1
satisfying (Py,..., Pypy1) = v mod q. For a given choice of P, ..., Pypy1, the number of
possible P is, by the Brun-Titchmarsh inequality, no more than
x/mPy--- Pypiq xlog, x
> 1< .
(q)log(z/q) e(q)mPy -+ Pypiiloga

Z<P1§.I/mP2~~~PMD+1
Pi=v1 (mod q)

For each j € {2,..., M D+ 1}, the sum on P; is, by Brun-Titchmarsh and partial summation,
no more than

q<p<z

p=v; (mod q)
Hence, given m and v = (vy, ..., vyps1) € Vin, the number of possible P, ..., Pypyq satisfying
(P1,...,Pypy1) =0 mod ¢ is

z(logy 2)°M
< (log, z) 7
p(q)MPHmlogx

leading to

m (p(q)MD—l-l ’

z(logy )% L #Va
)y k=7 R .
0 log x Z

m<x
P;(m)<y
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Using (5.2) to bound Vi, = Vaps1,m (¢; (b — gi(m))M,), followed by (4.2) to bound the re-
sulting sum on m, we deduce that

z(logy )7 1-1/D 1 X

z —_ O ((1 / — <L

o< g"logx exp (O ((logq) ) ; m < g™ (log x)'/3’
Py(m)<y

yielding the desired bound for Y. It is to be noted that this bound on >, holds true for any
M >1.

Bounding ¥y : Recall that Q% (n) = Z k counts (with multiplicity) the number of prime

pFln
p>q, k>1
factors of n exceeding ¢ that appear to an exponent larger than 1 in the prime factorization

of n; as such, the squarefull part of n (i.e., the largest squarefull divisor of n) exceeds ¢%>¢(™,

Now, any n counted in ¥; is exactly divisible by least (M —1)D+1 but at most M D many dis-
tinct primes exceeding ¢. Since Py py1(n) > g, it follows that Q% (n) > 2, so that the square-
full part of n exceeds ¢®. As such, n can be written in the form mSP—1yp41 -+ P1, where

m, S, Par—1)p+1, - - -, P1 are pairwise coprime, P, := P(n) > 2, ¢ < Pay—1yp+1 < -+ < P,
Py(m) <y, and S > ¢* is squarefull. Since gi(n) = g:(mS) + 321 (y_1)p+1 Gi(F;), the con-
gruence conditions g;(n) = b; (mod ¢), considered for 1 < i < M—1, force (Py,. .., Pay—1yp41) =
v mod ¢ for some v = (vq,...,vm-1)p+1) € V(M—1)D+1,M-1 (q; (b; — gi(mS)),f\ifl).

Given m, S and v, the argument given for bounding ¥y above shows that the number of possible
Py, ..., Piu—1yp+ satisfying (P, ..., Pi—1p41) =0 mod ¢ is

z(log, )0
o(q) MDD+ Slog x

<
This yields

5. o tlogy 2)0 3 LIS 1 Voo (¢ (0 — gi(mS))idi")
1 log z S gO(q)(Mq)Dﬂ )

m<z S>q? squarefull
Py(m)<y

so that by (5.2),
z(log, )M _ 1 1
K —(Mflo —exXp (O ((log q)! l/D)) Z . Z 5
¢ & m<x S>q? squarefull
Py(m)<y

Using (4.2) along with the bound ) g 2 (uareran 1/S < 1/¢; we obtain
z(logy )
¢ (log x)'/2
showing the desired bound for ¥;.

< exp (O ((log )" YP + (log, 2)%)) < 7 -

(log 2)1/3"

Bounding ¥3: Any n counted in ¥, is exactly divisible by least (M — 2)D + 1 but at
most (M — 1)D many distinct primes exceeding ¢. Since Pypi1(n) > ¢, it follows that
Q,(n) > MD+1—(M—1)D = D+ 1. Now assume that D > 3, so that Q% (n) > 4,
and the squarefull part of n exceeds ¢*. In this case, any n counted in Y, can be written
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in the form mSPy—2)p41 -+ P1, where m, S, Piy—2)p41, ..., Py are pairwise coprime, P, =
P(n) > 2z, ¢ < Py-oypy1 < --- < P, Py(m) < y, and S > ¢* is squarefull. Since
gi(n) = gz(mS)—i-ZK]qM 9yp11 Gi(F), the congruence conditions g;(n) = b; (mod ¢), consid-
ered for 1 <1 < M—2, force (Pl, s Piv—2)p1) = vmod g for some v == (vq, ..., vm—2)p41) €
V(M—2)D+1,M—2 (q, (b; — g:;(mS)) ) Replicating the argument given for ¥; shows that
z(log, )9 1 1 Vi _o (q; (b; — g;(mS
2y K —( liQ x) Z m Z g iad 2)D+LM( 2)516\]/1 (2)D+1g ( )) )
& m<x S>g* squarefull Lt
Py(m)<y
2 (logy )7 1-1/D 1 1
LT LIS SER
m<z S>q* squarefull
Pj(m)<y
a(logy x)°M) 1-1/D 2 X
—qM(log )12 exp (O ((log q) + (log; ) )) < ¢M (log z)1/3"

showing the desired bound for ¥, in the case D > 3.

Now assume that D = 2, so that 2 < M < D = 2 forces M = 2. Any n counted in ¥, has
P5(n) > ¢ but at most (M — 1)D = 2 of these exactly divide n. Hence, n is either divisible by
the cube of a prime exceeding ¢ or is (exactly) divisible by the squares of two distinct primes
exceeding gq. Any n of the first kind can be written in the form mp®P for some primes p, P
satisfying P = P(n) > z and ¢ < p < P, and some positive integers s, m satisfying s > 3,
P;(m) < y. Given m,p and s, the number of possible P € (z,x/mp*] is O(x/mp®log z).
Summing this over all s > 3, all p > ¢, and then over all possible m, and invoking (4.2) in
conjunction with the fact that > _ 1/p® < 1/¢?, we find that the total contribution of all n

of the first kind is < z/¢*(log 2)'/® which is absorbed in the desired expression.

On the other hand, if n is divisible by the squares of two distinct primes exceeding ¢, then it is
of the form mpi'p3? P for some primes P, py, py satisfying P = P(n) > z and ¢ < ps < p; < P,
and for some positive integers m, s, sy satisfying s; > 2, s > 2 and P;(m) < y. Given
m, p1, P2, S1, S2, the number of possible P € (z, x/mp]* p5?] is O(z/mpi'p3? log z). Summing this
over all possible s;, p;, and m via (4.2) and the fact that ) _ 1/p* < 1/q, we deduce that the
total contribution of all n that are divisible by the squares of two primes is < x/q¢?(logz)"/3.
This establishes the desired bound on the sum ¥, in the remaining case D = 2.

Bounding ¥: Any n counted in ¥ has Pypi1(n) > ¢, but no more than (M — 2)D of these
exactly divide n. Since D = max;<;<) degG; > M, it follows that any such n has Q’;q(n) >
MD +1— (M —2)D =2D+1 > 2M + 1, so that the squarefull part of n exceeds ¢**!.
Consequently, any n counted in X can be written in the form mSP, where P := P(n) > z,
S > ¢*M+1 s squarefull and P;(m) < y. Given m and S, the number of possible P € (z, z/mS]
is O(x/mSlog z). Summing this over all squarefull S > ¢***! and then over all m by means

of (4.2), we find that
:1310g2 x
logz Z Z S M+1/2(1Og z)1/3

m<x S> 2M+1
Py(m)<y S squarefull
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yielding the desired bound for ¥, and completing the proof of the estimate (5.1), for M > 2.

The case M = 1 is much simpler: we need only split the count in the left hand side of (5.1) as
Yo + 2 where Xg counts those n that have no repeated prime factor exceeding g. As such, any
n counted in Y, is exactly divisible by at least D + 1 primes exceeding ¢, whereupon the exact
same arguments given for the “X” defined in the case M > 2 show that Xy < z/q(log x)"/>.
On the other hand, any n counted in ¥ has a repeated prime factor exceeding ¢, and thus is
of the form mSP, with P := P(n) > z, S > ¢* squarefull and P;(m) < y. Proceeding as for
the “X” considered in the case M > 2, we obtain ¥ < x/q(logx)/®. This shows the estimate
(5.1) in the remaining case M = 1, completing the proof of theorem. O

6. COMPLETE UNIFORMITY IN SQUAREFREE MODULI: PROOF OF THEOREM 1.3

Arguing as in the beginning of the previous section, in order to complete the proof of the
theorem, it suffices to show the following analogue of (5.1)

x
3 2 g

n<z: Papr(n)>q
Py(n)<y; P(n)>z
p>y = p3tn
(Vi) gi(n)=b; (mod q)

uniformly in squarefree ¢ < (logz)¥ and in residues (b, ..., bys) mod gq.

The following analogue of (5.2) will be useful for this purpose: for each r € {0,1,..., M — 1},
we have

—r (g P@* M)
(62) #VQ(M—T),M—T (q; (wl>f\i1 ) S A (Q)W
uniformly for squarefree ¢ > 1 and in residue classes (wy, ..., wy—,) mod ¢, for some constant

o~

A= A(G) > 1. It suffices to show this bound for » = 0 for then it may be applied with M —r
playing the role of M (recalling that {G/} " are Q-linearly independent for any such r).
As in Proposition 3.2, we let C':= C/(G) be a constant exceeding max{Cy(G), (2D)2P+4}, with

~ ~

Co(G) defined in (2.2). Then for all ¢ < C(G), we have trivially

(6.3) #Vorrar (6 (wi)i2y) < (0™ < M@(xM

by fixing A, = M\ (G) > C(G)M.

Now consider a prime ¢ > C' (@) By orthogonality we can write, as in (3.6),

M
90(6 2M 1 1
#Var,m (ﬁ; (wz)zj\il) = 61?4 1+ S0 Z e _eriwi (Ztir.. W)QM
(r1,e.,rar)Z(0,...,0) mod £

M
where Zp.,y py = Z Xoe(v)e (%Zrsz(v)) Since £ > C(G) > Co(G), the polynomials
v mod ¢ i=1

{GIIM | must be Fy-linearly independgnt, so that for each (ry,...,7ry) Z (0,...,0) mod ¢, the
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polynomial 3> 7,G;(T) does not reduce to a constant mod ¢. As such, the Weil bound
(Proposition 3.3) yields |Zs.,, . »,,| < D2 leading to

. M _¢<£)2M M(D£1/2)2M 90<£)2M
(6.4) #Vornrr (6 (wi)ity) = o {1+0<£ W)}SAQ T

for some constant Ay = A\o(G) > C(G)M. Finally, we choose A == max{\;, Ao} and write, for

any squarefree ¢ > 1, #Vaorr i (q; (wz)f‘il) = H # Vo, (53 (wz)zj\il) H #Var,m (g; (wz)lj\il)
Lg: £<C Lg: £>C

Combining (6.3) for all the prime divisors ¢ < C' with (6.4) for all the prime divisors ¢ > C,

we obtain the desired bound (6.2) for r = 0. As argued before, this also implies (6.2) for any

re{0,1,...,M—1}.

Coming to the proof of (6.1), we write the count on the left hand side as
i+ Yo+ A+ Xy +
where

e >, counts those n which are exactly divisible by at least 2M many distinct primes
exceeding g,

e For each r € {1,...,M — 1}, ¥, counts the n that are exactly divisible by either
2M — 2r many or by 2M — 2r 4+ 1 many distinct primes exceeding ¢, and

e X counts the remaining n, namely, those that are exactly divisible by at most one prime
exceeding q.

Bounding ¥,: Any n counted in X; can be written in the form mPsy, --- P;, where P; =
P(n) > z, ¢ < Py < --- < P, Py(m) < y and ged(m, Pops--+- Py) = 1. As such, the
congruences g;(n) = b; (mod q) force (Py,..., Pay) = U mod ¢ for some U := (vq,...,vp) €
Variur (¢; (b — gi(m)),). Given m and 0, the arguments in the previous section show that
the number of possible Py, ..., Py satisfying (Py, ..., Pay) =0 mod q is

< z(log, )W) |
p(q)*Mmlogx
Consequently,
5« z(log, )W) Z 1 #Vanu (¢; (b — ga(m))},)
! log = £ m o(q)*M .
Py(m)<y

Using (6.2) to bound the cardinality #Vournr (¢; (b — g:(m))2,) in conjunction with (4.2) to
bound the resulting sum on m, we obtain

o(1) T

z(log, x) )
E exp (O ((10g3 x) )) < W,

) aw@ziyre2w)
LS A P {log

showing the desired bound for ;.
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Bounding Yo, ..., % We start by making the following general observation: let E be a set
of primes and for a positive integer N, let Q5 (N) = Z k denote the number of prime

pFln
peEE, k>1

divisors of N (counted with multiplicity) lying in the set E and appearing to an exponent
greater than 1 in the prime factorization of N. Then for any ¢ > 2, any positive integer
N having Q% (N) > t is divisible by p{*---p% for some distinct primes p;,...,ps € E, and
integers oy, ..., a, > 2 summing to t or t+1. More precisely, there exist positive integers s, m,
ai, ..., B, ..., B and distinct primes py,...,ps € E such that aq,...,as > 2, > o €

{t,t+1}, ged(m,pr---ps) =1, N = mp? - pP and 8; > ; for all i € [s].

This is seen by a simple induction on ¢, the case t = 2 being clear with («q,...,as) = (2) and
the case t = 3 being clear with (aq,...,a5) € {(3),(2,2)}. Consider any 7' > 4, assume that
the result holds for all t < T, and let N be a positive integer with Q% (N) > T. Let p; be the
largest prime divisor of N lying in the set £ and satisfying p? | n, and let 8y == v,, (N) > 2. If
1 > T —1, then we are done with (g, ..., as) being (T) or (T'—1,2), so suppose f; < T — 2.
Then the positive integer N’ := N/p* is not divisible by py, and has Q5(N') > T — f; >
T — (T — 2) = 2. As such, by the inductive hypothesis applied to N" and t := T — (3, there
exist s,m, g, ..., s, Ba,...,3s and distinct primes po,...,ps € E satisfying ao,...,as > 2,
oo € {T — B, T — B + 1}, ged(m,pa---ps) =1, N = mp - pPs and B; > «; for all
i €{2,...,s}. Since p; 1 N’, we see that the primes py, ..., ps € E must all be distinct and that
ged(m, py - - ps) = 1. Consequently, with oy = 5 > 2, we have N = p’le’ = mpflp’g2 o ps
with Y7, oy € {T,T + 1} and with §; > «; for all ¢ € [s]. This completes the induction step,
establishing the claimed observation.

With this observation in hand, we note that for each r € {1,..., M — 1}, any n counted in the
sum .1 is of the form mpf . -pfSPg M—or - - - P where all of the following hold:

(i) P, == P(n) > z;
(i

) ¢ < Poppop < -+ < Py
(ill) pla-"?ps>Q;
)

(iv) f1 > aq,..., s > a, for some positive integers a, . .., a5 at least 2 summing to either
max{2,2r — 1} or to 2r;

(v) Pi(m) <y;
(vi) m,p1,...,Ds, Pons—or, ..., Py are all pairwise coprime.

Indeed, any n counted in X, is exactly divisible by at least 2M — 2r but at most 2M —2r+1
many primes (counted with multiplicity) exceeding ¢q. Hence in the case r = 1 we have
QL,(n) > 2 while for r € {2,...,M — 1}, we have Q% (n) > 2M — 2M —2r +1) >
2r — 1, so altogether Q";q(n) > max{2,2r — 1}. Let P, P, ..., Pyy_o be primes exceed-
ing ¢ that exactly divide n, and satisfy P, = P(n) > z and Papy o < -+ < Py < P).
Then with n’ == n/Py--- Py o, we still have Q% (n') = Q% (n) > max{2,2r — 1} and
ged(n/, Py -+ Popy_o,) = 1. Invoking the above observation for N := n/, ¢t := max{2,2r — 1}
and FE the set of primes exceeding ¢, we find that n’ = mpf - pP for some s > 1, primes
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P1,--.,Ds > q and positive integers m, By, ..., 35 such that m,py, ..., ps are pairwise coprime,
and 5 > ay,...,08s > a4 for some positive integers aq, ..., as at least 2 summing to either
max{2,2r—1} or 2r. (Here, we have recalled that in the case t = 2, the tuple (o, ..., as) = (2)
was sufficient.) Altogether, we find that n = n'P; -+ Popy_op = mp’f o pPs Py Py oy, with
My Py ey Dsy By ooy Bsy Py oo, Papg_o, satisfying the conditions (i)-(vi).

Consequently, g;(n) = g;(mp}" - pﬁs)—l—ng " G4(P;), and the conditions g;(n) = b; (mod q)

for i € [M —r| force (Py,..., Papr—2-) = U mod ¢ for some element v = (vy,...,vap—9,) of
the set Vopr—or pr—r (q, (b; — g,(mp1 pfS))iAiIT>. Given m, s,aq, ..., Qg, P1y .-y Psy Bl .- oy B
and v, the arguments in the previous section show that the number of possible Py, ..., Pyys_a,

satisfying (P, ..., Payy—o,) =0 mod q is
z(logy )00
p(q)?M=2rmp)" - pdlog
Using (6.2) to bound the cardinality of the set Vapr—or ar—r (q; (b; — gi(mp? -- -pfﬂ)i‘if’“), we
find that

S < A i‘;gffogx Z— > > ﬁ

<

m<zx s>1; ay,...,as>2 P1y---Ps>q Dy DPs
Pym)<y  a1+-Fase{2r—1,2r} Br2ai,....Bs>as
Now, the sum on py,...,ps, 51, .., Bs is no more than

(X X4 < (k) « ot

=1 pi>q Bi>a; Z pz>q

In addition since s > 1 and ) ;_; o; > 2r — 1 and each o; > 2, we find that ], a; —s >
indeed, from the bound >}, a; —s > 2s —s = s > 1, it remains to only see that for r > 2,
we have Y 7| a; —s > max{s,2r — 1 — s} > Collecting estimates, we obtain

z(log, x)°
P (@027 E — E 1.
1< Mlogx

m<x s>1; aq,...,as>2
P;y(m)<y ai+-+ase{2r—1,2r}

But since there are O(1) many possible s > 1 and tuples (a1, ..., ;) of positive integers
summing to 2r — 1 or to 2r, this automatically leads to

SYRPSRTEIL LAl ol

T ¢Mlogz
lOglIZ’ m<x
Py(m)<y
As a consequence, (4.2) yields
"J(Q)x €T
—_—_—m 2 —_—_—m
Y K ¢ (log )12 exp (O ((logz 2)?)) < ¢ (log 2)1/3”

yielding the desired bound for all of 3, ..., >,,.

Bounding ¥: Any n counted in ¥ has 2M many prime factors (counted with multiplicity)
exceeding ¢, out of which at most one of them can exactly divide n. Hence Q% (n) > 2M —1,
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and by the same argument as given above, any n counted in ¥ can be expressed in the
form mp"* ---p% P, where P := P(n) > z, pi,...,ps > q are primes, P;(m) < y, and
B > ai,...,08s > a4 for some positive integers aq,...,a, at least 2 summing to either
2M — 1 or 2M. Given m,s,Qq,...,0,P1,s---,Ps, B1,---,8s, the number of possible P is
< x/mpit---pPlogz. As above, we have Y7 oy —s > max{s,2M — 1 — s} > M, so
that the sum over s, ay,..., Q4 p1,. .-, Ps, 51, -+, B is O(¢~™). Finally, using (4.2) to bound
the sum on m, we obtain ¥ < x /¢ (log z)'/3.

This completes the proof of (6.1), and hence that of Theorem 1.3. O

6.1. Optimality in the input restrictions in Theorem 1.3: For any M > 2, we construct
additive functions g1, ..., gy showing that the restriction Psys(n) > ¢ cannot be weakened to
Pyyr—3(n) > ¢ in our range of ¢q. For M = 2, the condition Ps;_3(n) > ¢ translates to
P(n) > ¢; by known estimates on smooth numbers ([20, Theorem 5.13 and Corollary 5.19,
Chapter II1.5]), this latter condition may be ignored up to a negligible error, so the first
counterexample in subsection 4.1 suffices.

Now assume that M > 3; consider additive functions g1,...,9y : N — Z defined by the
polynomials G;(T) == (T —1)*, and satisfying the conditions g;(p*) := 0 for all primes p and all
i € [M]. As observed in subsection 4.1, the polynomials {G}¥, are Q-linearly independent,

and with Co(G) as in (2.2), we have ¢ € QO y for all moduli ¢ having P~(q) > Co(G).

oM

We see that G;(p) = 0 (mod ¢q) for all ¢ and for all primes p = 1 (mod ¢). Consequently,
if pi,...,pr—2, P are primes satisfying ¢ < paro < -+ < pp < /M=) < 218 < p <
z/(p1---pu—2)? and P =1 (mod q), then the positive integer n := (p; - - - par_2)? P is less than
or equal to x, has Pay—3(n) > ¢ and satisfies the conditions g;(n) = G;(P) + Z]M;Z gi(p?) =0

j
(mod q) for all i € {1,..., M}. By the Siegel-Walfisz Theorem, we find that

SEERDS >

n<wz: Papr_3(n)>q q<pr—o<-<p1<z'/(AM=8) 21/3 <« P<a/(p1-pprr_2)?
(V4) gi(n)=0 (mod q) P=1 (mod q)

X

= Z <90(Q)(p1 o pu-2)?logx " 0(;(;1/3))

q<pr—2 < <py <z l/(AM—8)

T 1
> —_—
qlogx Z (pl - ']9M—2)2

Ply--sPM—2 distinct
q<p1,epr—p<al/(AM=8)

Ignoring the distinctness condition in the sum above incurs a total error

M—4
iy e (v (5] e
qlogx Pivs - Da 5 qlogx p P2 qMlogz
P1,P2;--sPM—3>q p>q p>q
On the other hand,
M—2
S o[ S A e
AT ) log g\ M—2"
P1,~-~,sz1—26(q,x1/(4M*8))(pl b 2> q<p<x1/<4M*8)p <q gq)
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Collecting estimates, we obtain for all sufficiently large ¢,

Z 1> ‘ ToY " > *
T Togatos " T O\ Tlogz ) > T T Tog atiog, 2177

n<z: Pop—3(n)>q

(Vi) gi(n)=0 (mod q)
which grows strictly faster than x/¢™ as soon as ¢ > logx - (log, )M ~! (say). We conclude
that the condition Pyys(n) > ¢ cannot be replaced by Pap_3(n) > ¢ for any M > 2.

One might wonder whether one of the conditions Paps—1(n) > q or Payr_2(n) > ¢ could possibly
suffice to restore uniformity in squarefree ¢ < (logx)®. In this direction, we now construct an
example showing that the condition Psys_2(n) > ¢ is also insufficient for M = 2. Indeed, let
consider additive functions g;, go defined by the polynomials G1(T) :== T and G5(T) = T3, so

~

that {G', G5} are clearly Q-linearly independent. With Cy(G) as usual, we have ¢ € Qg 4,
for all ¢ having P~(q) > Cy(G).

However, if n is of the form P, P, for distinct primes P, P, > y := exp((log z)'/?) satisfying
P, = —P, (mod q), then Py(n) > y > ¢, while G;(P,) + G;(FP2) = 0 (mod q) for i € {1,2},
so that g1(n) = g2(n) = 0 (mod q). As such, for 2 < ¢ < (logz)¥, a simpler version of the
arguments leading to (3.3) yields

Yooz, >

n<z: Pa(n)>q veUy P #I;},Pfj>}/) -
Vi) gi(n)=0 (mod » ST
(65) (v6) 9:(m)=0( 2 Plzzlj, szi; (?rnod q)
1 xlog, x
> —— E 14 O(z exp(—C"(log z)Y4)) > i,
qlog x
P1,Py>y: PrPa<z
where ¢’ == C'(K) > 0 is a constant, and the last bound above is a simple consequence

of Chebyshev’s and Mertens’ estimates. In particular, this shows that the tuple (0,0) mod
q is overrepresented by (g1, g2) once ¢ > logx/(log, v)'/?, showing failure of uniformity in
squarefree ¢ after a very small threshold, under the restriction Py, _2(n) > g for M = 2.

It is to be noted that our arguments above go through for any two polynomials G;(T) =
ATF+B; (i € {1,2}), for any two distinct odd positive integers k;, and any integers A; # 0 and
B;. Indeed, the distinctness of k; and ky ensures that G| and G, are Q-linearly independent,
while their parity ensures that any two primes P, P, satisfying P, = —P; (mod q) also satisfy
Gi(P) + Gi(P2) = 2B; (mod q) for both i € {1,2}. As such, the above arguments show that
there are > xlog, z/qlogx many n < z satisfying ¢;(n) = 2B; (mod ¢) for i € {1,2}. This
gives an infinite family of counterexamples showing that the condition Ppp_o(n) > ¢ is not
sufficient to restore uniformity in squarefree ¢ < (logz)* in the case M = 2.

In conclusion, this means that our restriction Pp(n) > ¢ in Theorem 1.3 is at most “one step
away” from optimal, in the sense that it might still be possible to weaken it to Papr—1(n) > gq.
7. NECESSITY OF THE LINEAR INDEPENDENCE HYPOTHESIS: PROOF OF THEOREM 1.4

Recall that the Q-linear independence of { G/} ! is equivalent to that of {G;—G;(0)}X; like-

wise, the condition G, = Zf\ifl a;G’, is exactly equivalent to the condition G (1) — G (0) =
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S M6, (GH(T)—Gi(0)) in the ring Q[T]. We claim that the polynomials {G;}X, are Q-linearly
independent. Indeed, suppose there exist integers [y, ..., By for which Zf\il B:Gi(T) = 0 in
QIT]. Since G (T) = Gpr(0) + oM ai(Gi(T) — Gi(0)), we find that

(7.1) z_: (Bi + Bunai)Gi(T) = Bu (2_: a;G;(0) — GM(O)) ]

i=1
so that SV (8 4+ Barai)(Gy(T) — G4(0)) = 0. Since {Gy(T) — G;(0)}M7* are Q-linearly

independent, the last relation forces 8; = —fya; for all ¢ € {1,..., M — 1}, which by (7.1)

leads to .
Bum (Z a;G;(0) — GM(O)) = 0.
i=1

Now if By # 0, then the above relation forces 317" a;G(0) = G (0) contrary to hypothesis.
Hence, we must have 8y, = 0, forcing 5; = —fyra; = 0 for all i € {1,..., M — 1}. This shows
that {G;}, are indeed Q linearly independent.

As such by Corollary 2.5(i) and the discussion preceding it, there exists a constant C1(G) >0
such that {G;}M, are F-linearly independent for all ¢ > Cl(G) and so @ € Q(g,,..g,) for all
moduli @) > 1 having P~(Q) > Cl(G). In addition, since {G/}¥ ! are Q-linearly independent,
there exists (by (2.2)) a constant Co(Gy,...,Ga—1) > 0 such that {G/}¥ ;! are F,-linearly

independent for any ¢ > Co(Gy,...,Gp—1).

We set Cz to be any constant exceeding max{C'(G (), 4M(32D)?P+4 Co (G, ..., Gar—1)} and
henceforth consider moduli ¢ having P~(q) > Cg, so that q € Qu . Given any R >

Cy and integers {b;}M7! set by == Gar(0)R + M a;(b; — Gi(0)R). Then the relations
Zle Gi(v;) = b; (mod q) fori € {1,..., M —1} also imply that Zle Gu(v;) = by (mod q).
As such, for any R distinct primes P, ..., Pg, with (P, ..., Pg) mod ¢ lying in the set

V= Ve (¢ (bi)if ') = {(Uj)le € (U,)": (Vi€ [M—1)) ZGz’(’Uj) = b; (mod Q)} )

we have g;(P;---Pg) = b; (mod q) for all i € [M]. Letting y = exp((logz)'/?), a simpler
version of the arguments leading to (3.3) yields, for ¢ < (logx)*,

)OI TR

n<z: Pr(n)>q (v1,...,vr)EV P1,....,Pr>y
(Vi) gi(n)=b; (mod q) Py---Pr<z
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for some constant C' .= C'(K) > 0. A direct induction on R (involving Chebyshev’s estimate)
shows that the last sum above is

R-1

Z | s tlogy ) ’
log x

leading to

#V  a(logy x)! / §/4
Yoo JOF T lga + Olwexp(=C'loga)").

n<z: Pr(n)>q
(Vi) gi(n)=b; (mod q)

As such, to complete the proof of the theorem, it remains to show that

(7.2) #V = #Vra (¢ (0)iLy )>>§§5f~

To show this, we argue as in the proof of the estimate (3.5): for each prime power ¢ || ¢, we
write

#Vr -1 (50

where Zge.,, .. Z Xo.e(v ( Zn s > for each (ry,...,7rp-1) # (0,...,0) mod

v mod ¢¢
¢¢. Since (rq,...,mp-1) Z (0,...,0) mod 56 we have ged(€¢,ry,...,ry—1) = €67 for some
1 < e < eand |Zpe,r, 1y .| < DO eO/D (here it is important that since ¢ > Cg, the
polynomials {G/}¥ " are Fy-linearly independent). We obtain
1 R - DFfgert M—1-R/D\¢0 2(2D)"
S0(66)3 Z |Z€E T1yeeey "M — 1‘ gp(ﬁe)RZ (€ ) < m
(7140 —1)%(0,...,0) mod £¢ ep>1

Since R/D — M > R/(D + 2) and (/P4 > (Cz)V/2P+ > 32D, this leads to

1 Z 2(2D)R
90(66)}{ |Z€e;r1 ..... 7"1\4,1|R S W
(r1,..,rar—1)#(0,...,0) mod £¢

2(2D)% 1 1 o1
(32D)F ~ (R/GD+) = gRIR/@D+1) = gf2°

IA

Hence, for each prime power (¢ || g,

e\ R
(7.3 v (50025 = 25005 (1= 5 )
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and since [],, (1—5z)>1—%> 507 = £, we obtain by multiplying all the bounds (7.3),

R
4V = T #Vmars (65 M) > - 29

-8 M-1"
eellq q

This shows (7.2), completing the proof of Theorem 1.4, and demonstrating the necessity of the
linear independence hypothesis in the generality of our setting. ([l

ACKNOWLEDGEMENTS

This work was done in partial fulfillment of my PhD at the University of Georgia. As such, I
would like to thank my advisor, Prof. Paul Pollack, for the past joint research that has led me
to think about this question, as well as for his continued support and encouragement. I would
also like to thank the Department of Mathematics at UGA for the Teaching Assistantship
awarded by them, as well as for their support and hospitality.

REFERENCES
[1] A. Akande, Uniform distribution of polynomially-defined additive functions to varying moduli, submitted.
[2] K. Alladi and P. Erdés, On an additive arithmetic function, Pacific J. Math. 71 (1977), no. 2, 275-294.
[3] T. Cochrane, Ezponential sums modulo prime powers, Acta Arith. 101 (2002), 131-149.
[4] T. Cochrane and Z. Zheng, Pure and mized exponential sums., Acta Arith. 91 (1999), 249-278.
[5] H. Delange, On integral-valued additive functions, J. Number Theory 1 (1969), 419-430.
[6] H. Delange, On integral-valued additive functions, II, J. Number Theory 6 (1974), 161-170.
[7] D. Goldfeld, On an additive prime divisor function of Alladi and Erdds, Analytic number theory, modular

forms and ¢-hypergeometric series, Springer Proc. Math. Stat., vol. 221, Springer, Cham, 2017, pp. 297—
309.
[8] R.R. Hall and G. Tenenbaum, Divisors, Cambridge Tracts in Math., vol. 90, Cambridge Univ. Press,
Cambridge, 1988.
[9] G.H. Hardy and E.M. Wright, An introduction to the theory of numbers, sixth ed., Oxford Univ. Press,

Oxford, 2008.

[10] S. Konyagin, Letter to the editors: “The number of solutions of congruences of the nth degree with one
unknown”, Mat. Sb. (N.S.) 110(152) (1979), 158.

, The number of solutions of congruences of the nth degree with one unknown, Mat. Sb. (N.S.)
109(151) (1979), 171-187, 327.

[12] N. Lebowitz-Lockard, P. Pollack, and A. Singha Roy, Distribution mod p of Euler’s totient and the sum
of proper divisors, Michigan Math. J., to appear.

[13] D.B. Leep and C.C. Yeomans, The number of points on a singular curve over a finite field, Arch. Math.
(Basel) 63 (1994), 420-426.

[14] H.L. Montgomery and R.C. Vaughan, Multiplicative number theory. I. Classical theory, Cambridge Studies
in Advanced Mathematics, vol. 97, Cambridge Univ. Press, Cambridge, 2007.

[15] S.S. Pillai, Generalisation of a theorem of Mangoldt, Proc. Indian Acad. Sci., Sect. A 11 (1940), 13-20.

[16] P. Pollack and A. Singha Roy, Benford behavior and distribution in residue classes of large prime factors,
Canad. Math. Bull. 66 (2023), no. 2, 626—642. MR 4584488

, Joint distribution in residue classes of polynomial-like multiplicative functions, Acta Arith. 202

(2022), 89-104.

, Distribution in coprime residue classes of polynomially-defined multiplicative functions, Math. Z.
303 (2023), no. 4, Paper No. 93, 20 pages.

[19] W.M. Schmidt, Fquations over finite fields, L.N.M. 536, Springer-Verlag, Berlin, (1976).

[20] G. Tenenbaum, Introduction to analytic and probabilistic number theory, third ed., Graduate Studies in
Mathematics, vol. 163, American Mathematical Society, Providence, RI, 2015.

[21] A. Weil, On some exponential sums, Proc. Nat. Acad. Sci. U.S.A. 34 (1948), 203-210.

[17]

[18]




34 AKASH SINGHA ROY

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GEORGIA, ATHENS, GA 30602

Email address: akashOls.roy@gmail.com



	1. Introduction
	Notation and conventions:

	2. Preliminary Discussion: Delange's equidistribution criteria and consequences for polynomially-defined additive functions
	3. Preparation for Theorems 1.1, 1.2 and 1.3: Obtaining the main term
	4. Joint equidistribution without input restriction: Proof of Theorem 1.1
	4.1. Optimality of range of q in Theorem 1.1

	5. Complete uniformity for general moduli: Proof of Theorem 1.2
	6. Complete uniformity in squarefree moduli: Proof of Theorem 1.3
	6.1. Optimality in the input restrictions in Theorem 1.3:

	7. Necessity of the linear independence hypothesis: Proof of Theorem 1.4
	Acknowledgements
	References

